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HYPERCONTRACTIVITY 
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MARIUS JUNGE, CARLOS PALAZUELOS, 
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Abstract. In this paper, we provide a combinatorial/numerical method to 
establish new hypercontractivity estimates in group von Neumann algebras. We 
will illustrate our method with free groups, triangular groups and finite cyclic 
groups, for which we shall obtain optimal time hypercontractive L2 — > L q 
inequalities with respect to the Markov process given by the word length and 
with q an even integer. Interpolation and differentiation also yield general 
L p — y L q hypercontrativity for 1 < p < q < 00 via logarithmic Sobolev 
inequalities. Our method admits further applications to other discrete groups 
without small loops as far as the numerical part — which varies from one 
group to another — is implemented and tested in a computer. We also develop 
another combinatorial method which does not rely on computational estimates 

C^ ' and provides (non-optimal) L p —y L q hypercontractive inequalities for a larger 

class of groups/lengths, including any finitely generated group equipped with 
a conditionally negative word length, like infinite Coxeter groups. Our second 
method also yields hypercontractivity bounds for groups admitting a finite 
dimensional proper cocycle. Hypercontractivity fails for conditionally negative 

^- , lengths in groups satisfying Kazhdan property (T). 

o\ 

00 _ 

C**"* [ Introduction and main results 

in 

tH- ' Given a periodic function / : K. — > C, the decay of its Fourier coefficients is closely 

related to the integrability properties of /. The Riemann-Lebesgue lemma shows 
that f(n) — > as \n\ — > 00 for / <E L\(T), but this convergence could be arbitrarily 
slow. On the contrary, Plancherel's theorem goes further and gives ^ n |/(n.)| 2 < 00 
when / € L 2 (T). Given 1 < p < 2, a classical problem in harmonic analysis is to 
determine conditions on a weight £ : Z — ¥ M + so that 



Si /e£ P (T) =► ]Tc(«)l/WI 2 <^. 

Rudin's notion of A p -set was motivated by this problem for characteristic functions 
C, while Hausdorff- Young inequality immediately provides sufficient conditions for 
rational functions £. The case of exponential functions £(n) = exp(— 2i|n|) leads 
to norm estimates for the Poisson semigroup on Z. Our goal in this paper is to 
open a door through similar estimates replacing the frequency group Z above by 
other discrete groups G and the Poisson semigroup by other semigroups (Markovian 
or not) acting diagonally (Fourier multipliers) on the trigonometric system. Our 
problem reduces to norm estimates for operators of the form 

seG geG 

with t > and G a discrete group with left regular representation ):G-) B (12(G)). 

1 
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The group von Neumann algebra £(G) is the weak operator closure of the linear 
span of A(G). If e denotes the identity of G, the algebra £(G) comes equipped 
with the standard trace t(/) = (<5 e , fS e ). Let L p (C(G)) be the noncommutative L p 
space over the quantum probability space (£(G),r) with ||/||£ = t|/| p - We invite 
the reader to check that L p (£(G)) = L P (T) for G = Z, after identifying \z(k) with 
e 27Ttk ' . In general, the absolute value and the power p are obtained from functional 
calculus for the (unbounded) operator / on the Hilbert space ^(G), we refer to [38] 
for further details. Markovian semigroups are composed of self-adjoint, completely 
positive and unital maps. By Schoenberg's theorem 139] , we know that S^pt is 
Markovian iff -0(e) = 0, ip{g) = ip{g~ l ) and £) g a g = => J2 g ,h OgUh^ig^h) < 0. 
Any such tp : G — > R+ is called a conditionally negative length function. As we shall 
sec, the additional assumptions below play also a crucial role for hypercontractivity 
estimates in the group algebra £(G) 

• Spectral gap: a = inf 9 ^ e ip(g) > 0, 

• Subadditivity: tp(gh) < ip(g) +if>(h), 

• Absence of 3-loops: gxg^gz ¥" e when ip(dj) = °~- 

By the Markovian nature of the semigroup, the S^t's are contractive maps on 
L p (C(G)) for 1 < p < oo, which become more and more regular for t large. The 
hypercontractivity problem for 1 < p < q < oo consists in determining the optimal 
time t Pt q > above which 

||<S0,t/||g < ll/llp for all t>t Pt q. 

This expected behavior has been studied since the early 70's in this and other 
related contexts. Originally, Bonami 8 considered the group G = Z2 with the 
standard length ip(g) — 5 g ^ e and the cartesian powers Z2 with the Hamming 
distance ip(gi,g2, ■■■ ,g n ) = \{j '■ 9j 7^ e }|- Optimal hypercontractivity for Z2 is 
known as the two-point inequality, which was rediscovered by Gross [16] and used 
by Bcckner [5] to obtain optimal constants for the Hausdorff- Young inequality. The 
two-point inequality has also shown a deep impact in both classical and quantum 
information theory. Shortly after, Weissler obtained in |45j the same optimal time 
for the Poisson semigroup in the circle group, which is given in our terminology by 
G = Z and ipfo) = |re|. This yields for 1 < p < 2 < 00 

(E e_2tH l/(")l 2 )^ H/IIp * t ^^ log ^ 1 T = ^ 2 - 

Independently and almost simultaneously, hypercontractivity also emerged from 
quantum field theory, where Poisson processes are replaced by Orstein-Uhlenbeck 
like semigroups acting diagonally on generalized gaussians. Optimal estimates in 
the Bosonic, Fermonic and q-deformed cases can be found in [101 H3 [311 140] 
while closely related results appear in [TBI 1211 12S1 131] • Also, similar methods apply 
for the heat-diffusion semigroup [SJ El] ■ Gaussian hypercontractivity bounds rely 
ultimately on two fundamental results by Gross [Jj5] and Ball/Carlen/Lieb [1]. In 
spite of this, no further significant results have appeared for Poisson- like processes in 
the trigonometric setting, which is perhaps explained from the lack of a convexity 
inequality a la Ball/Carlen/Lieb for group von Neumann algebras. Poisson-like 
hypercontractivity is closely related to Sobolev type theorems and norm estimates 
for Fourier multipliers in group von Neumann algebras [221 [231 EH [23 EU [37] . 
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Let ip : G — > R+ be a conditionally negative length. If a = mi g9 L e ip(g), pick 
g € G with ij)(g) ~ a (an identity if the infimum is attained) and S > small to 
estimate the p-norm of / = 1 + S(X(g) + X(g~ 1 )) in the abelian algebra generated 
by it. The same estimate for the g-norm of «S^,,t/ ~ 1 + Se~ t,J (\(g) + X(g~ 1 )) yields 
the universal restriction 



"■«- ^ log (^-r) =-- T{ p^y 



vp- 1 

In particular, hypercontractivity imposes the existence of a spectral gap and the 
subadditivity of ip leads to a Poisson-like process. A far reaching goal is to determine 
whether T(p,q,a) is the optimal time for any subadditive conditionally negative 
length admitting a spectral gap a. We will show that t p>q > T(p,q,a) in the 
presence of 3-loops, see (|2.3I) for details. Nevertheless, as we shall see, this case 
seems to be a pathological phenomenon and the problem is still meaningful after 
removing it. In the first part of this paper, we provide a general method to obtain 
optimal hypercontractivity L 2 — > L q estimates on discrete groups equipped with 
subadditive conditionally negative lengths which admit a spectral gap and satisfy 
the following conditions 

• Growth: There exists r > such that X)neG f < 00, 

• Cancellation: gig 2 ■ ■ ■ 9m 7^ e when ip(gj) — <J, gj ^ g~ +1 and m small. 

The first condition holds for instance under any exponential growth assumption 
\{g € G : ip(g) < R}\ < Cp R for some p > 1. It also implies that the infimum a is 
attained, so that our second condition says that ip does not admit m-loops for m 
small, not just m = 3. The combinatorial nature of our approach forces q to be an 
even integer. Standard interpolation and differentiation arguments lead to general 
L p — > L q hypercontractivity estimates for any 1 < p < q < 00 via log-Sobolev type 
inequalities. Unfortunately, our method fails for a finite number of terms which 
depend on the pair (G, tj)) and must be estimated with computer assistance. This 
forces us to apply it in specific scenarios by estimating each time the complete set 
of pathologies. We illustrate it with free, triangular and finite cyclic groups. 

Let us start with the finitely generated free groups F n equipped with the word 
length I • I which measures the distance to e in the Cayley graph. In this case, | • | 
is conditionally negative and the free Poisson semigroup is 

V t f = J2 e- tl9l f(g)X(g). 

gew n 

It was introduced by Haagerup [TO] to prove that the reduced C* -algebra of the 
free group F„ has the metric approximation property. Free groups are morally an 
endpoint for the behavior of other discrete groups with lower growth rate but more 
cancellation. Using an embedding of F„ into Z 2 * Z 2 * • • ■ * Z 2 with 2n factors, we 
exploit in j26j a probabilistic approach which yields L p — ¥ L q hypercontractivity in 
F„ for t > log(q— 1/p—l). This is twice the expected optimal time T(p,q, 1), while 
a more elaborated argument gives 1.173 • T(p,q, 1). Estimates below that constant 
turn out to be more challenging. Our first result gives the optimal time L 2 — » L q 
inequalities in F 2 for q £ 2Z+ and reduces the constant 1.173 above to log 3 ~ 1.099 
for the general case l<p<g<ooby adapting Gross program [TH [17] . We also 
get optimal estimates for F„ which are less general by computational limits. 
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Theorem Al. We find 

i) Iffe L 2 (C{¥ 2 )) and q G 2Z+ 

WPtf\\ Lq (C(v 2 )) < II/I!l 2 (£(f 2) ) & t>- log(g - 1). 
In particular, \\V t f\\ q < \\f\\ p for t > x -^- log ^j and 1 < p < q < oo. 

ii) If n > 3 and / G L2(£(IFn)); we obtain optimal L 2 — > £ g bounds for the 
free Poisson semigroup and q a large even integer. Namely, the following 
holds for every q G 2Z + greater than or equal to certain index q(n) > 
depending on n 

WPtf\\ Lq (C(¥ n )) < ||/||i 2 (£(F„)) ** t> -log(o-l). 

A crucial property in our proof is that the Cayley graph of F„ is a tree. This 
suggests that similar ideas might be applicable to hyperbolic groups, which admit 
a tree-like Cayley graph. To be more precise, we just need that the group behaves 
locally like that, since for large lengths the decay of the Markov process is fast 
enough to produce nice estimates. That is why we avoid small loops associated to 
the length ip in our general framework. We illustrate this with triangular groups 
A a/ 3 7 = (a,b,c : a 2 = b 2 = c 2 = (ab) a = (be) 13 = (ca) 1 — e), which are natural 
examples of hyperbolic groups in the Coxeter family. As finitely generated groups 
we may consider again the word length | • | — which is conditionally negative in any 
infinite Coxeter group by [9] — and we shall keep Vt for the Poisson-like semigroup 
associated to the word length in any discrete group. Since relations a 2 = b 2 = c 2 = e 
are not considered as loops, the smallest loop has length 2min(a,/3,7). 

Theorem A2. If q e 2Z+, / G L 2 (£(A Q/37 )) and min(a,/3,7) > 8 

WPtf\\ Lq (C(A aM )) < ll/IU 2 (£(A Q ^)) ^ t > - \og{q - 1). 
In particular, ifl<p<q<oo we obtain \\Vtf\\ q < II /Up f or t > -^f— log ^~zr- 

Our next family is given by the finite cyclic groups Z n . Hypercontractivity for 
these groups with respect to the word length is quite intriguing. Beyond Bonami's 
two-point inequality for 1 2 , only Z4 and Z5 are settled and very few is known 
for other values of n. Z3 is the simplest group with a 3-loop in its Cayley graph 
and the optimal time is not even conjectured. In fact, only partial results due to 
Andersson and Diaconis/Saloff-Coste [21 [15] are known. Andersson got optimal 
L 2 — > L q bounds for the 2-truncations Yl\k\<2 e ~*' fe '/(^)^(^)i with q G 2Z + for n 
odd. Since diam(Z„, | • |) < 2 for n < 5, the problem is still open for any n > 6. 

Theorem A3. Given n > 6, we find 

WPtf\\ Lq (C(z n )) < ||/||l 2 (£(z„)) & t>- log(q - 1) 

whenever one of the following conditions hold 

i) q G 2Z + and n is even, 
ii) q G 2Z + and n is odd with n > q. 

Hence, we always have \\Vtf\\q < ||/||p for 1 < p < q < 00 and t > -^f— log ^Ei • 
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Theorems Al, A2 and A3 provide by duality a nearly optimal solution to the 
problem opening this paper for the Markov processes on these groups associated to 
the word length. Namely, given 1 < p < 2 there exists a function 1 < 0g(p) < log 3 
with f3 G (p) = 1 for p = 2, 4/3, 6/5, 8/7, . . . and such that we find 



- 2t|9l l/(5)| 2 < ll/HW)) for t> a^log-i-. 
sec ^ p l 



2^ e 



The proof relies on a new combinatorial method which is presented in Section [T] 
It applies a priori to every pair (G, tp) satisfying our growth/cancellation conditions 
provided the numerical part can be tested in a computer and the corresponding 
super-pathological terms can be estimated by hand. The success depends crucially 
on the accuracy of our estimates for the growth rate of (G, -0) and the cancellation 
relations given by loops associated to the length ip. The main idea is to provide 
an algorithm to complete squares in the expression we get for the g-norm of the 
Fourier series defining Vtf ■ Indeed, the statement for q £ 2Z + can be rewritten for 
/ > and t = h log(<7 — 1) as 

gi92—9q=e j=l VQ — - 1 hi,h 2 ,.:,hq£G j=l 

The combinatorial challenge is to find a nearly optimal way to complete squares in 
the left hand side — to obtain an upper bound of the form given in the right hand 
side — and therefore complete the proof by a simple comparison of the coefficients 
in both infinite sums. As a naive starting point, we might expect that the larger the 
lengths ip(gj) are, the easier will be to find an admissible way to complete squares 
for the term associated to (g±, g2, ■ ■ ■ ,g q )- In this paper we construct a critical 
function 

^(G,^,-):{1,2,...,|}^N 

which allows us to decide what is "large enough" and what is not. Thus, the terms 
we obtain after completing squares are divided into regular and (finitely many) 
pathological ones according to this function. The regular ones will be handled by 
means of purely combinatorial methods, while the pathological ones additionally 
require computer assistance to test whether our estimates are fine. Only a small 
subset (at least for the groups/lengths in Theorems A1-A3) of super-pathological 
terms fails this test, and demands finer estimates. A crucial property of the critical 
function to make the problem computationally solvable — if we want to treat all 
possible values of q £ 2Z + at once — is to be uniformly bounded. In fact, we will 
show that we can keep all the critical functions /i q (¥ n , | • \,m) uniformly bounded in 
the variables (n, m, q) with q > q(n) for some index q(n) depending on the number 
n of generators. This computational limitation is what forces us to restrict the 
indices q in Theorem Al ii). Much lower indices can be considered by working with 
F3,F4, . . . isolatedly, but this demands more computations. Also, we may produce 
optimal time hypercontractivity bounds in Fqo equipped with a weighted length 
function, see (|2.4[) . Additionally, as we did for free groups, we can keep the critical 
functions associated to all Coxeter groups uniformly bounded taking q greater than 
or equal to some index which depends on the number of generators of the group 
considered. This leads to potential generalizations of Theorem A2. 
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Our second contribution in this paper provides a less accurate but more general 
combinatorial method. It also has the advantage that it does not rely on numerical 
procedures. More precisely, let us call ip : G — > R+ a Poisson-like length whenever 
the following conditions hold 

• ip is conditionally negative, 

• Spectral gap: a — inf 9 ^ e ip(g) > 0, 

• Subadditivity: ip(gh) < ip{g) + ip{h), 

• Exponential growth: \{g £ G : ip(g) < R}\ < Cp R for some p > 1. 

Note that we admit the existence of small loops. In particular, the word length 
for any finitely generated group G satisfies all the properties above automatically 
except perhaps the conditional negativity. Recall the general map S^^ introduced 
at the beginning of the paper. Our result can be stated in full generality as follows. 

Theorem B. Let (G, ip) be a discrete group equipped with any Poisson-like length. 
Then, there exists a constant (3 (G,ip) > 1 such that the following hypercontractivity 
estimate holds for any 1 < p < q < oo and any f £ L p (C(G)) 

\\S^,tf\\ q < ll/Hp for all i>^Mlog(i-j). 

Moreover, if ip is not conditionally negative, the same holds for (p,q) — (2,4). 

The price to avoid the numerical dependence of our previous method is that we 
may not expect optimal time estimates as in Theorems A1-A3, our argument gives 
/3(G, ip) < rjlog(p) for p large and r] > 1+a. The proof of Theorem B is nevertheless 
much simpler and applies to a large class of groups. This includes many finitely 
generated groups equipped with the word length, like infinite Coxeter groups. Also 
groups admitting small loops in its Cayley graph — like the discrete Heisenberg 
group — for which our previous method is not efficient. On the other hand, we 
construct Poisson-like lengths on any discrete group admitting a finite-dimensional 
proper cocycle, while hypercontractivity does not occur for conditionally negative 
lengths in discrete groups satisfying Kazhdan property (T). Theorem B also yields 
apparently new estimates for non-Markovian semigroups associated to Poisson-like 
lengths failing to be conditionally negative. In fact, our first combinatorial method 
towards optimal time Li — > L q estimates for q £ 2Z + also applies a priori to 
non-Markovian semigroups, since conditional negativity is only crucial in Gross 
extrapolation method for general indices 1 < p < q < oo via logarithmic Sobolev 
inequalities. We have avoided this more general formulation for simplicity in the 
exposition, see Section [23] for further details. Using our first combinatorial method 
we may also prove ultracontractivity bounds for arbitrary lengths which improve 
the trivial ones when tp admits a large concentration around 0, see Corollary 13.31 
and the comments after it for further details. 

To conclude, it is worth mentioning yet another approach introduced by Bakry 
and Emery [3] to deduce hypercontractivity bounds for diffusion semigroups with 
generators satisfying the r2-criterion. However, this criterion generally fails for 
Poisson-like processes. Moreover, a recent counterexample in [27] shows that this 
approach does not necessarily work in the noncommutative setting. Instead, our 
combinatorial approach relies on more basic tools which still apply for the class of 
noncommutative Poisson-like semigroups considered in this paper. 
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1. The combinatorial method 

In this section we present our combinatorial method in the context of pairs 
(G, 1J)) satisfying the growth/cancellation conditions given in the Introduction. The 
result below shows that Markovian semigroups associated to conditionally negative 
lengths have positive maximizers. In particular, it suffices to prove Theorems A1-A3 
for elements in the positive cone of L P (C(G)). 

Lemma 1.1. If ip is a conditionally negative length, we have 

WS^tWp^ = sup{||5^, t /||, : ||/|| P = 1,/GL+(£(G))} for any t > 0. 

Proof. According to Schoenberg's theorem [33], we know from the properties of 
ip that S^pj is a unital c.p. map. By Stinespring's factorization [42] . we may find 
a Hilbert space JCt D ^(G) and a *-homomorphism n t : C(G) — > B(fC t ), so that 
S^, t t — £ t ° 7Tt with £ t the natural conditional expectation B{JC t ) — > B{l%(G)). Once 
this is known, the argument to find positive maximizers follows verbatim Carlen 
and Lieb in [TU1 Theorem 3] for the CAR algebra. □ 

Moreover, it suffices to assume that f(g) = fig' 1 ) > for all g £ G when we 
deal with Li — > L q estimates for q £ 2Z + . Indeed, we may assume from Lemma 
HHthat / > 0, so that 

7(3) = fig- 1 )- 

On the other hand, since t(A(<?)) = S g=e and q £ 2Z + we have 

gi92—g q =ej=l g 1 g 2 ---g q =ej=l 

where /' = J2 \f(g)\Hg)- Note that f'(g) = fig- 1 ) > whenever / > and 
proving hypercontractivity for /' implies the same estimate for /, since both / 
and /' share the same L2-norm. Therefore, we shall assume along this section 
that / £ Li2(£(G)) is a non necessarily positive operator, which admits symmetric 
positive Fourier coefficients. Note that this assumption is no longer valid — neither 
needed — for Gross extrapolation argument in Appendix A. 

1.1. Notation. Given a partition 7r of {1, 2, . . . , u}, define an equivalence relation 
on {1, 2, . . . , u} by setting i TZ^ j iff both belong to the same block of n. Then, if 
k = (fci, &2, • • • , k u ) £ R" we consider the partition 7r(fc) determined by iTZ^^j 
iff ki = kj . It will be useful below to think of k\ , k%, . . . , ku as colored balls which 
share the same color iff they belong to the same block of the partition n(k). Let us 
set j(k) = (ji,J2, ■ ■ ■ ,ju), where ji is the number of z-blocks in the partition ir(k) 
so that X/j=i Jii ~ u - Consider also the equivalence relation on u-tuples 

k^k'^kj = fc\ j for 1 < j < u 
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and some permutation a G & u , the symmetric group on {1,2, ... ,u}. In other 
words, we will write k ~ k when both vectors share the same non- increasing 
rearrangement. Given k = (k\, k%, . . . , k u ) e R u , let 

M{k) = \{k' €R U : k~k'}\ 

the number of all possible ways of ordering the u colored balls k\, ki, . . . , k u . 

u 1 

Lemma 1.2. If k <G M. u and j(k) — (ji,J2, ■ ■ ■ ,ju)> we obtain M(k) — u\ 1 f . 

- L - L (i P* 

Proof. The partition ir(k) consists of 



ji singletons: k\, k 2 , . . . , k\] . 

3i pairs: (k 2 , k 2 ), \k 2 , k 2 ), ■ ■ ■ , [k 2 ,k 2 ). 

ji blocks of size i: {k},- ■ ■ , k}), . . . , (fcf , • • • , kf ). 



Setting \i\, i 2 , . ■ . , ii} = {i : ji ^= 0}, M(k) is given by the product 



U - 2^ m= lJi m l m ~ (S- l)lk 



nn v 



place fcf 's 

After simplifying this expression, we obtain u\/(ii\) Ji i ■ ■ ■ (iil) 3i £ as desired. □ 

Given G a discrete group and tp : G — > Z+ an integer-valued length function on 
G (like the word length) write Wk — {g E G : ip(g) = k} for the set of elements 
of length k. Define N k — \W k \ (which must be finite according to our growth 
assumption in the Introduction) and enumerate W k by w k (l),w k (2), ■ ■ ■ ,w k (N k ). 
Then we set for a fixed / G L 2 (C(G)) with symmetric positive Fourier coefficients 

a = f(e) and a k (i) = f(w k (i)) 

for 1 < i < N k . Given k > 1, define the coefficients 

Nk 
uo = f(e) 2 = al and a k = ^ f(g) 2 = ^ a k (i) 2 . 

gew k i=i 

1.2. Aim of the method. Consider a discrete group G which comes equipped with 
a conditionally negative subadditivite length ip : G — » M+ admitting a spectral gap 
a > and satisfying our growth/cancellation conditions 



There exists r > such that ^2 Q€G r^^ < oo, 

<?i$2 • • • 9m 7^ e whenever ip(gj) = er, <7j 7^ ffT+i an d m small. 



Assume for simplicity that ip : G — > Z + and a = 1. Take r = = e * and define 

W = 5>^>/( 5 )A( 3 ) = 5> -t * (ff) /(s)%) = <W- 

gee 9 £G 
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The basic idea of our method is the following. As explained above, we may fix 
/ G Li2{C(G)) with symmetric positive Fourier coefficients and q an even integer 
greater than or equal to 4, since q — 2 follows from Plancherel theorem. Set q = 2s, 

L(s) = ik = (k 1 ,k 2 ,...,k s ) ef : fe x > k 2 > • •• > k s > o| 
and C" ght [/c] = M(k) for any k 6 L(s). If a^ = a^a^ ■ ■ ■ ak s , we have 
11/111 = (E/(5) 2 )" = (£«*)' = £ C^[k]a k . 

geG fc>0 keL(s) 

Moreover, since t(A(<?)) = <5 g=e and q is an even integer, we also find that 

q 2s 



(i.i) iit^/h« = e e (n/fe))^ 



=1 iKfli) 



u=0 gi92---g2s=e j=l 
IO : Si/e}|=« 



= /(e) 9 +E(j/(er« e (n^))^"- 1 * " 5 - 

u=l ^ ' 9l92-"ffu=e j = i 

V v ' 

s„(r) 

We have also used our condition on /, which gives /(<?) =/(fl l_1 ) > for all g. Since 
/(e) 9 = ag and Si(r) = 0, optimal time hypercontractivity will follow from 



(1-2) 



/(e)«-°*u(r) < E C^feKOafc. 

feei(s)\{o} 



Cf HfcKr) := E C ™ M(r) < C^ h %] with k G L( S ) \ {0}, 

for any < r < , _, . The proof of (jl.2p is outlined in the following paragraphs. 
1.3. Admissible lengths. Note that 

s «w= E E (n/(ft-))^= iV,fo) =: E **)• 

9j# e 

(V(ffi),V(92),...,V(ff«))~i 
The following is a simple consequence of the symmetry and subadditivity of t/;. 

Lemma 1.3. If g\g 2 ■ ■ • <?u = e, we /znd i/iai V'(Si) < ^-^ "0(<7j) /or all 1 < i < u. 

The previous result allows to refine the set of admissible lengths VKffj) which may 
appear in the sums s u (r). This leads naturally to the following set of admissible 
length u-tuples with 2 < u < q 

u 

Adm„ = U e L(u) : t x > £ 2 > .. . > £ u > 1, h < £^}- 

3=2 

Of course, we clearly have the refined identity S u (r) = X^gAdm s «[S( r ). 
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1.4. Completing squares I. As we shall justify later, the sums S2(r) and ss(r) 
must be estimated apart, so we just focus on the general method to estimate the 
sums s u (r) for 4 < u < q. The terms s u [£] (r) for £ in a certain (finite) exceptional set 
B u C Adm M to be defined below will contribute to the so-called super-pathological 
terms and also require specific methods. For technical reasons that will appear 
only at the end of the proofs of Theorems A1-A3, we need to introduce here these 
exceptional sets B u to be completely rigorous. However, we suggest the reader to 
assume B u — in a first reading. The remaining terms s u [£] (r) require two different 
ways of completing squares, which we now describe. If u = 2m (2 < m < s) is 
even, we set 

C 2m = {{= (6,6, • • • , U) ■ € {2. 7 - 1, 2j} for all 1 < j < m}, 

A 2m = | A = H,i.,d,i) : | e C 2m , | e Adm 2m \y3 2m , d ~ & [J Wd, (ij) = ej. 

l<j< 2 m 

The arrow in the product means that the order is j-increasing, so that we get 
WdAi^Wdifc) ■ ■ ■Wd 2m (i2 m )- It is clear that i= (ii,i 2 , . . . ,i 2m ) with 1 < i 3 < N d] 
for all 1 < j < 2m. Given any d = (di, d 2 , . . . , d 2m ) such that d ~ ^, we may pick 
a (non-unique) permutation cr^ £ S 2m such that dj = l a Ai) f° r au 1 — j ^ 2m. 
Once we have fixed Od for each d and A = ((,,£, d,i) € A 2m , we set |£| = J^ . £j and 









Lemma 1.4. If2<m<s, we find 

S2m(r) < ^ l\V\(r) + ^ s 2m[l]W 

AeA 2m eeB 2m 

= E E 7a^aM+ X! ^Rr), 
fceL m (;s) AeA 2m [fc] leB 2m 

where L m (s) = {k e L(s) : k m ^ = fc TO+ i} and A 2m [fc] = {Ae A 2m : £ ?j = kj}. 
Proof. The last identity is clear, while the first inequality follows from 
E s ^](r) 

<eAdm 2m \B 2m 

2m 

= E E E (IK^ 1 



leAdm 2m \B 2m d~l i i=i 



2 m 

,111 



= E E E (U^(wu)\ 

leAdm 2m \-B 2m d~| j j=l 

Wd 1 (il)---w d2m (i 2m )=e 

This yields the desired estimate X^AeA l\ v \{ r )i since completing squares gives 
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rr ,. ^ ^ f r r a ^- 1 ^-(2 J -i)) 2 + «^(v-( 2j )) 2 1 

ll%(V-0)) < 11 [ = 2 = 

3=1 3=1 

= E II 1 = E ta. a 

£ec 2m j=i |ec 2m 

To consider the case where u = 2m — 1 is odd, we set for 3 < m < s 

Km = { A = (&, L & i) ■ i e C 2m , | e Adm 2m \B 2m , d ~ |, JJ w d , fe) = e} , 

l<i<2m 

where Adm 2m and B' 2m are the sets of tuples (£i,£ 2 ,- ■ ■ ,^2m-i,0) satisfying that 
(Ixiti-, . . . ,4m-i) belongs to Adm 2m _i and B 2m -\ respectively. Also, given any 
A = (£;^;rf;i) G A 2m , we define the coefficients 



i i m 



7a = 

.7=1 

Now we state and prove the analog of Lemma Tl .41 in the odd case. 
Lemma 1.5. If3<m<s, we find 

/(e> 2m _i(r) < ]T 7>aM+ E f(e)s 2m -i\i\(r) 

E E 7>aM+ E /( e )^ m -i[l](r-), 

k£L' m (s) AGA 2m [fe] !£B2m-i 

w/iere L' m (s) = L m _i(s) U L m (s) and A' 2m [fc] = {AeA' 2m : £ ?j . = kj, 1 < j < m). 

Proof. Again, the last identity is straightforward. Namely, the only difference is 
that for A = (£,£,d,£) G A 2m we have that £ e Adm 2m \-B 2m . This means that 
km = £^ m G {^2m-i,^2m} could be or not, so that A 2m splits as the disjoint union 
of A 2m [/c]'s over L' m {s) = L m _i(s) U L m {s). The inequality is very similar to the 
one in Lemma Tl .41 Indeed, it suffices to note that 

e />)( n /fe)^ fc) ) = ^ e (n/feo^'O- D 

S192---S2m-l=e 3=1 SlS2---S2m=e j=i 

Si^e 3\j/gj=e 

1.5. A decomposition of s u (r). We now estimate s u (r) for 4 < u < q by three 
sums of regular, pathological and super-pathological terms respectively. The crucial 
decomposition is given by a partition of the set L m (s) into two subsets, which is 
determined by a critical function n q (G, ip, ■ ) : {l, 2, . . . , |} — > N. As pointed out 
in the Introduction, the critical function will quantify what is "large enough" for 
the exponent y\ - ip(9j) m Sw( r ) given by (|1.1[) . Of course, we may not expect to 
quantify anything before applying the method itself! This means that the critical 
function arises necessarily a posteriori, and its construction must be done case by 
case. In the proofs of Theorems A1-A3 we need to begin by providing the explicit 
critical functions, but only at the end of the argument the reader will be able to 
fully justify our choice for this function. Let us define 

Reg m (s) = Ik = (k 1 ,k 2 ,...,k m ,0) G L m (s) : \k\ > m + fj, q {G, i/>,m) j, 
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Pat m (s) = lk = (ki,k2,...,k m ,0) € L m (s) : \k\ < m + fj, q {G,ip,m) j. 

It is crucial to note that the sets Pat m (s) of pathological terms are finite. As in 
the previous paragraph, it will be instrumental to provide slightly modified sets 
to deal with the odd case. Namely, we set Reg^(s) = Reg m _ 1 (s) U Reg m (s) and 
Pat m (s) = Pat m _i(s) U Pat m (s). Then we may estimate the sums s u (r) as follows 

n „v s 2m (r) < R 2m (A,r)+P 2m (r) + S 2m (r) (2 < m < s), 

7(e)«am-i(r) < R' 2m (A,r)+P 2m (r) + S 2m (r) (3 < m < a), 



where 



R 2m (A,r),R' 2m (A,r)) = ( ^ Ta^aO), ^ ^^(r 



fc£Rcg m (s) feeRcg' m (s) 

AeA 2?T1 [fc] AeA 2m [fc] 

(P 2m (r),P 2m (r)) = ( J^ ^^(r), ]T 7>aM), 

feGPat m (s) fc6Pat' m (s) 

AGA 2m [fc] AGA 2m [fc] 

(S 2m (r),S 2m (r)) = ( ^ S2m [£](r), £ /(e)^-!^ 

fGB 2m |6B 2m _i 

1.6. Completing squares II. Our second way of completing squares is perhaps 
less accurate but definitely more symmetric. This will be crucial in certain estimates 
below. If to > 2 and gi,gz, . . ■ ,<?2m € G (allowing repetitions), we define the 
equivalence relation lZ gi g2m on 

M m = {c=(Ci,C 2 ,...,C m )GN m : l<Ci<C 2 <---<Cm<2TO} 

by setting 

C Kgi, ..., S 2m C' & 9Q = 3c; (3) for some CT e e ™ ** (9( 3 ) ~ (fl'Cp- 

O 

Let £ denote the class of £ in the quotient space -M m (#i, ■ • ■ ,92m) = -Mm/T^-si,...,^™- 
Lemma 1.6. If m > 2 and #i,#2> • • * 5 #2m € G 

2m m 

n/fo) < e n^w- 

C6M m (ji sj») 

Proof. Completing squares as in Lemma ll. 41 gives 

2?n TYL 771 777* 

n ^) 4eii fe) 2 ^ su p n /(5o) 2 < e n ^ 2 



D 



Since we have already completed squares in Lemmas ll.4l and ll~5l it is necessary to 
show that the way of pairing stated in Lemma 11.61 is consistent with our previous 
estimates, which involve some kind of Fubini argument. Namely, our goal is to 
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estimate R 2m (A,r) and R 2m (A,r) by other regular sums. If 2 < m < s, we define 
in the even case 

A 2m = |(5 = (g 1 , . . . ,g 2m ,0 '■ 3i ■ ■ • 92m = e, #j 7^ e, (e M m (gi, ■ • • ,02m) J- 

If (5 e A 2m and fc = (fci, fc 2 , • • • , k m , 0) € L m (s), we also set 

m 



A, 



^2m[fc] = |<5e A 2m : (V'(5'Ci))---)V'(fl , Cm)) ~ (fci,---,fcm)|- 

Note that 7,5 and A 2m [/c] are well defined since ^T^ gi ,...,g 2m C' iff (.90 ) ~ (.9c)- By 
the usual modifications, we may also consider the corresponding sets and coefficients 
in the odd case. Given 3 < m < s, define 

f ° ° 1 

A 2m = |<5 = (51,..., 02m, C) : 5i •••.92m = e, 3! j s.t. 5j = e, Ce A4 m (gi, . . . ,g 2m )j. 

If (5 e A 2m and fc = (fci, fc 2 , . . . , k m , 0) € L' TO (s) = L m -i(s)UL ra (s), set 
(7^^(r)) = (^-n/(^) 2 ,r-^^)), 

A 2m [fc] = {seA' 2m : (V(5Ci).---.^(flu))~(*i. ••■.*"»)}. 

Lemma 1.7. Given s > 2, we find 

i) If 2 <m < s and k E L m (s), we obtain 

Y^ 7a^a(0 < Y l& v s(r). 
AeA 2m [fc] <5eA 2m [fe] 

ii) If 3 < m < s and k € L' m (s) = L m _i(s) U L m (s) 

Y 7>a(0 < ^ 7^5 (r). 

Proof. Consider the map 

o 

T 2m .k ■ {€,Ld,i) ^ A 2m [fc] i-s- (51, . . . ,02m, C) e A 2m [fc] 

defined by gj = WdAij) and £ the non-decreasing rearrangement of ry = (rji , . . . , r\ m ) 
with o~d{r\j) = £j. Let us show that this map takes values in A 2m [fc]. The conditions 
gi- ■ ■ g 2m — Wdi (ii) ■ ■ ■ Wd 2m («2m) = e with £j 7^ e and £ G A4 TO are clear. The 
identity (V>(SCi)> • • • , VKsCm)) ~ ( fc i, ■ • ■ > fc «0 follows from 

(V>(50))l<;/<™ ~ (WS%))l<j<m = (d % )i<j<m 

= (^ <7 J 1 (^))l<j<m = (%)l<j<m = {kj)l<j< m . 

Define now an equivalence relation TZ 2m ,k on A 2m [fc] by 

Ai7?. 2mi fcA 2 <=> ?2 mi fe(Ai) = T 2mt k(\ 2 ). 

Set A 2m [fc] = A 2m [fc]/7?. 2m ,fe and T 2m , t k : X e A 2m [k] i-» T 2m ,k(\) e A 2m [fc], which 
is clearly an injective map. Then, our first assertion (even case) follows from the 
following two claims 
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a) |{AeA 2m [fc] : A € A} | < 2 m for any A € A 2m [fc], 

b) (7A.^(r)) = {^lT 2m ^(\)^T 2m , k (\)(r))- 
Indeed, assuming these assertions we obtain 



E 

AeA 2m [fe] 


Ta^aO*) 


— 


AeA 2m [fc] AeA 














= 


9m / ; / ; 'T 2lT1 

AeA 2m [fc]AeA 


,i=(A)^T 2m 


,*(A) 


(r) 








< 


Z^ 7 T 2m .fe(A) Iy f 27 -, 

AeA 2m [fe] 


vi(A)( r ) 


< 


E 

<5eA 2m [fe] 


7«^0"). 



Since the odd case is similar, it suffices to prove our claims. To prove a), note that 
Ai 72.2m, fe A 2 implies (^i,dx)ii) = (^2 7 ££2 1 i2 ) ■ Hence, the cardinal of each equivalence 
class is dominated by 2 m possible choices of £. The proof of b) follows from 

m m ?7i 

7tw(a) = n /(3o) 2 = n ^w 2 = n /k, m) 2 

j'=i j'=i i=i 

m m 

j=i - ~ 3=1 

and v T2m k (\){r) = r^^ 1 ^^ = H-l = r 1 - 1 = V\(r). This completes the proof. O 
Remark 1.8. If we set 

(R 2m (A,r),R 2m (A,r)) = ( £ l5 v 5 {r), £ i s u e (r) 

<5eA 2m [fc] <5eA 2m [fc] 

then Lemma [T771 together with (|1.3[) yields 

n , s 2 m(r) < R 2m (A, r) + P 2 m(r) + S 2m (r) (2 < m < s), 

/(e)s 2m _i(r) < R 2m (A,r)+P 2m (r) + S 2m (r) (3 < m < a). 

1.7. Analysis of both approaches. Needing two ways of completing squares 
requires an explanation. Our first approach is more accurate, but definitely less 
symmetric and the price is that the critical function /i g (G, ip, ■ ) that we would obtain 
with this method is not even bounded, since the estimates needed to construct the 
critical function are less precise in the absence of symmetry. Thus, we could not use 
a computer to identify the super-pathological terms among the pathological ones. 
Hence, our first method will be reserved for isolated cases. The second method 
is more symmetric and yields a uniformly bounded critical function fj, q (G,?p,-), 
but it can only be used under the growth condition ^r^ls) < 00 for all r strictly 
smaller than some index R(G,ip). Since the expected optimal r for L2 — > L g 
hypercontractivity is given by (q — l)r 2 = 1 we need to have 

Q>1+ R(^W =:q{G ^ 
We will use our second approach to estimate the A-regular sums for these g's. On 
the other hand, our first (more accurate) way of completing squares will be used 
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for the finitely many pathological terms and also for the regular terms associated to 
the finitely many g's below the critical index q(G, ip). We refer to Paragraph ^. 4l for 
an illustration in F„ of the behavior of the critical function with both approaches. 

1.8. A-estimates. Our A-estimates will be used for the sums R.2 m (A, r)/R, 2m (A, r) 
and q less than or equal to the critical index. We will also use the same estimates 
below for the pathological sums P2m(<")- Recalling the definition of G 2m as the set 
of i = (£i,&, ...,{ m ) such that € {2j - 1, 2j}, we define £* = (£, &, . . . , &) by 

{&>#} - {2j - 1, 2j} for all 1 < j < m. 

Proposition 1.9. Given < r < 1, we find 

i) If 2 < m < s andk<E L m (s), we obtain 



«r m E 7a-am<-[e e M(i)(n^)^ 

AGA 2m [fc] 5eC 2m ^eAdm 2r „\B 2m j=2 

ii) If 3 < m < s and k G L m (s) U L m _i(s), w;e obtain 

or- E tWm<^[E E m^hn^i 



Oik- 



Oik- 



Proof. We start with the even case i). Given k e L m (s), we may consider any 
triple (£,,£,(£) with £ G C2 m , £ £ Adm 2m \ B 2m satisfying £^ = kj and d^£. Then 
we define the sets A 2m [k, £,l,d\ = {A = (£,L<l,i) £ A 2m [fc]} and claim 

_. 771 

(1-5) «o" m E TX < =(n*<« 



AeA 2m [fc,|,^ " ' j=2 

2 



Recalling that j\ — 2 m FT a^ € . (v-ife.O > we can ma ke vary the 2m — 1 indices 



^I'Kl) 



e {l,2,...,JVi*} for 2<j<m, 



in the sum above. Namely, the last summation index is entirely determined by the 
constraint u>d 1 (ii)wd 2 (i2) ■ • • Wd 2m (*2m) — e. Such an index could not exist, but in 
that case we get zero and the estimate below still holds true 

-. 771 

E ta < ^ E E n°Mv&)) a - 

2<J<777 1<J<777 



Once we know that (|1.5[) holds, we may complete the argument as follows 



s-m Y^ / \ s-m Y^ Y^ ( Y^ Y^ 

«o Z^ 7A^A(r) = a 2^ 2s (<L 2^ 

AeA 2m [fe] CGC 2m £eAdm 2m \S 2m d~i AeA 2ro [fc,€,l,d] 



7a jr |£| 
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^E E [E(fK- 

?ec 2m ieAdm 2m \s 2m d~l j=2 



r'-' a k - 



Since \{d : d ~ £}\ = -MQ?), this completes the proof of i). Assertion ii) is proved 
similarly. Taking A 2m [fc, £,£,d\ = {A = (£,t,d,i) £ A' 2m [fc]}, we may estimate 
^2 X j' x over this set as in ()1.5j) and obtain an extra factor (2m)~ 1 in our previous 
bound, then we proceed as above. The proof is complete. □ 

1.9. A-estimates. Define the sum 

geG\{e} 

whose radius of convergence R(G,tp) is used to define the critical index q(G,tp) 
as above. We now estimate R.2 m (A, r) and R 2m (A,r) which represent all but a 
finite number of terms in our decomposition (J1.4I) . These estimates are valid for 
q > q(G,ip), which again represent all q £ 2Z + except for the isolated family 
considered in Paragraph II .8! The following is the core of our method. 

Proposition 1.10. Given s > ^q(G,ip) and < r < R(G,ip), we find 

i) If 2 < m < s and k £ L m {s), we obtain 

a s - m V JsMr) < {2my - {S ' m) - G(G^,rr-^^M(k)a k . 
*— ' m\s\ ~ 

SeA 2m [k] 

ii) If 3 < m, < s and k £ L m (s), we obtain 

(2m- 1)!(,s-to)! 

iii) If 3 < to < s and k £ L m _i(s), we obtain 

(2m-l)I(a-m+l)l rV »-i j 4 |+i 



t m E ^s(r) < KZm 7 l) X~ m) - Q(G^rr-V^M(k)a k . 
■^-^ [m — ly.sl 



'— J mis'. ~ 

S6ALH 

Proof. Given k £ L m (s), consider 

k = (k 1 ,k 2 ,...,k m ,-l,-l,...,-l)£Z 2m . 

For any rf~t,fixa permutation ad £ &2m satisfying dj — k ad ^ and set 

((d) = {(i(d), (2(d), ■.■Xm(d))£M m 

for the positions 1 < (i(d) < (2(d) < • • • < (m(c0 < 2to where d ^ — 1. Note that 
■^(cQ = {Cj(^)}i<j<™ = cr^" 1 ({l,2, . . . ,to}). Once we have fixed the positions d 
and i = (ii, . . . , i m ) with 1 < ij < N kj , we introduce the A-sets 

A 2m [fc,rf] = [5 = (31, • • . ,.92m,C(d)) e A 2m [fc] : V(3j) = dj for j <= Z(d)|, 

A 2m [fc,d,i] = J <5 = (31, . . . ,#2m,C(d)) £ A 2m [k,d] : gj = w fc ^ (j) (v A (j))> J e ^($J- 
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Note that dj = k ad ^ — k ad ^ for j £ Z(d). Then 

A 2m [fc] = (J (J A 2m [fc,d,|], 

l<ij<N h . 

where the union is not necessarily disjoint. We claim that 

m 

(1.6) 7,5 = Y[a kj {ijf for 5 e A 2m [fc,d,i], 

3=1 

(1.7) J] i*(r) < g(G,^,rr- 1 rl*l +1 , 

i5eA 2m [fe,d,z] 

for k,d,i fixed. Assuming our claim, we immediately obtain 

<~ m E WW < «r m E E E T^«(r) 

<5eA 2m [fc] rf^fc l<ij<N kj 5eA 2 m[fe 5 d,i] 

l<j<m 

< «r m E E n«%fe) 2 ^(G^,rr- 1 ^i +i . 

d~fc l<ij<N kj 3 = 1 
l<j<m 

This gives 

< m E 7«^(r) < A/(fc)g(G,V,r) m - 1 r^l+ 1 afc, 
<5eA 2m [fc] 
and the assertion will follow from 

o 

Claim (fL6|) for 5 = (.91, .92, • ■ • ,92m, ((d)) G A 2m [fc,d,|] follows from 

m rn 

75 = n^oci)) 2 = n /fe) 2 = n ^^(^w^n *^) 2 - 

3=1 3'ex(d) 3'ez(rf) 3=1 

We now turn to |L7|. Write {771(d), 772(d), ■ • ■ , ?/m(d)} = {1,2,..., 2m} \ Z(d), with 
1 < ??i(d) < 7?2(d) < • ■ • < ij m (d) < 2m. Now, given hi, hi, . . . , h m -i € G \ {e} we 
define the sets 

A 2ro [fc,d,£, /ii, . . . , fo m _i] = Ue A 2m [fe,d,i] : g, h (d) = /ij for 1 < 7 < m - l|. 
Then, it is easy to prove that 

a) Vs { r )<r^7^^ h ^+\M+\ 

b) \A 2m \k,d,i,hi,...,h m -i]\ < 1. 

Indeed, a) follows from ^(g^d)) = fcj, ^(fftyGg) = VKM and ip(g Vm (d)) > 1- On 
the other hand, b) follows since the only entry in <5 € A 2m [fc, d, i, /ii, . . . , /i m -i] 
which is not determined a priori is g Vm (d)- Hence, the restriction (71(72 ■ ■ '52m = e 
yields the second assertion. Since we have a disjoint union 

A 2 mfed,i] = j_J A 2m [fc,d,i, hi,-- ■ ,/lm-l], 

l<3<m-l 
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we obtain 

^2 v s (r) = y^ Yl Vs ^ 

(5GA 2m [fc.d,i] hj^e 5&A 2m \k,d,i,hi,...,h m -i] 

l<j<m-l 



< V" j.EJLl^CM+lfel+i = g(G i ip,r) m - 1 r^ +1 . 



l<j<m-l 

This proves (|1.7|l and concludes the proof of i). The proof of ii) and hi) is very 
similar. Given k € L m _i(s) U L m (s), we may construct fe as above and define 
A 2m [fc, d, |] C A 2m [fc] for d ~ fc and ? € rKLi{l) • • • > ^fcj} accordingly, so that 

A' 2m [fe] - (J |J A 2m [fc,d,i]. 

d~k i=(ti, ■••!»»») 
l<ij<N kj 

In that case, we claim that for fc, d, i fixed we have 

(1.8) ^ = ^Ti a ^) 2 fOT ^A' 2 J,d,| 

(1.9) J2 v '(r) < a(G,V,r) m -V^ +1 for *eX m _i(a), 

<5eA^ m [fe,d,i] 

(1.10) JZ i/j(r) < mg(G,^r) m - 2 ^l +1 for keL m (s). 

S&A' 2m \k,d,i] 



The proof of (JTT8J) and (|1.9|) follows verbatim (|1.6[) and (|1.7|) , while the argument 
for (|1.10j) requires slight modifications. Given S £ A 2m [fc,d,i], in this situation 
we have g^u) ¥" e f° r all 1 < j < m and 9n(d) = e holds for one and only one 
1 < j < m. This leads to define 

A' 2m [fc, d, i, jo] = j S e A' 2m [k, d, i] : s,, Jo y) = e | 
for 1 < jo < m. Then we set for hi, /i 2 , • • • , h m —a G G \ {e} 

&2m\k,d,i,jo,hi,...,h m -2] = j 5 € A' 2m [fc,d,i,jo] : 3%(rf Jn ) = fyj for j < m-2J, 
where we write 

%(d) for 1 <i<j'o- 1, 



% & jo) - 1 %+i (i) for j < j < m _ l. 

The word 9f) m _ 1 (d,j ) ^ s uniquely determined in G by (7152 ■ ■ ■ 92m = e and the fact 
that the other c/j's are determined a priori in A 2m [fe, d, i, joj hi, ... , h m —2\- Hence 
we also deduce that 

|A 2m [fc,d,|,io,^i,---,^m-2]| < 1. 

Since v 5 {r) < r^=i <KM+l&l+i for $ e A 2ro [fc,d,£, jo,/u, . • • , ftm-a] and 

A 2mfed,i] = [J U A 2mfed,i,j ,/ll,--- ,/l m - 2 ], 

l<j<m-2 
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we obtain 




in 

E ^) = E E E 


^(r) 


l<j<m-2 


-2] 


< y^ y^ r E"ri 2 ^Cb)+ifci+i = 


ra^Gi,!')" 1 - 2 )-!^ 1 


.70=1 ftj^e 

l<j'<m-2 





This proves (|1.10|) . The assertion follows by joining the pieces as we did for i). □ 

Remark 1.11. If \k\ is large enough and q > q(G,i/j), Proposition II .101 provides 
the estimates for (|1.2j) . The optimal size |fc| when k E L m (s) is what determines 
the critical function H q (G, ip, m), see the Strategy below for further details. In view 
of this, it is clear that the critical function is very much affected by the growth of 
(G, tp) through the size of <?(G, ip, r). 

1.10. Strategy. 

i) Admissible lengths. Given any pair (G, ip) satisfying our growth and 
cancellation conditions, we will begin by refining the set Adm„ of admissible 
lengths, which depends as we will see on the concrete group G. 

ii) Estimates for S2(r) and Ss(r). When u = 2 we have 

* 2 (r) = E/o?) 2 ^ = E r2fc ^- 

g^e fc>l 

When u = 3, the estimate 



z_^ ~ q , a& \m\ T ) a k. 



f(ey- 3 S3 (r) < J2 C > Cfi 

keL{s)\{0} 

in the line of (|1.2[) requires a different way of completing squares. The 
reason is that C q Qit [k](r) = ( q 2 )C q f 2 [k}(r) = C q ^ ht [k] = q/2 is attained at 
optimal time r = l/V? — 1 for the singular term k = (1,0). This means 
that Q!q - ai can only appear in the estimate of S2(r), which forces us to be 
specially careful in the case u = 3 to avoid this term. On the other hand 
our assumption on the absence of small loops is crucial in our estimate of 
the sum S3(r), which varies from one group to another. All our estimates 
for C q \k\(r) arising from s 2 and S3 sums are collected in what we call 
(a)-estimates in the proofs of Theorems A1-A3. 

iii) General goal. According to (|1.3|) and (|1.4[) . our aim is to show that 
f(ey~ 2m [R 2m (r) + P 2m (r) + S 2m (r)] < £ C q e £ m [k](r) a k , 

keL m (s)\{0} 

and similarly in the odd case. Given 1 < m < s and k G L m {s), we have 

qA(2m+l) . . 

c q ct %](r) = Yl rjcifAkW), 

u=2V(2m-l) ^ ' 

which refines our original definition in (|1.2[) . Indeed, taking into account 
how we complete squares to obtain the regular and pathological terms and 
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also the way we will complete squares for the super-pathological terms, it 
will become clear that only the sums S2rn-i(r), S2m(r) and S2m+i(V) may 
have a contribution to otk = ctk 1 ak 2 ' ' ' a fc m a o~ ? ™ when k £ L rn {s). Given 
q £ 2Z + and r = l/\/q — 1, the aim is to prove 

Cj cft [fc](r) < C r q isht [k} for every k£L(s)\{0}. 

iv) Algorithm. Assume first that q > q(G, ip). Then, we use Proposition ll.101 
to construct the coefficients C^ lt [k\(r) as explained in iii). These will be 
the (7)-estimates in our proof of Theorems A1-A3. Define A to be the set 
of k £ L(s) \ {0} verifying C^ eft [fc](r) < CJ ight [fc] with this choice of left 
coefficients. According to Proposition II. 101 the validity of this inequality 
just depends on the length |fc|. We then construct the critical function as 
follows 

fJ, q (G, ip, ni) = inf I \k\ — m : k £ A PI L m (s) > 

for 1 < m < §, so that the set Reg m (s) coincides with .An L m (s). This 
gives Cj oft [fc](r) < C*^ ight [fc] for all k e Reg m (s) and 1 < m < s. We 
write Pat m (s) for L m (s) \ Reg rn (s). Given k £ Pat m (s), we now use (a 
slightly modified version of) Proposition ll.9[ see the (<5)-estimates in the 
proofs of Theorems A1-A3. This allows us to construct a refined estimate 
of C l ° [fc](r) for pathological terms k £ Pat m (s). Then, we use computer 
assistance to show that most of these terms satisfy C lcit [fc] (r) < C" ght [fc] 
with this choice of left coefficients. When this is not the case, we say 
that k is a super-pathological term and denote by S-Pat m (s) the set of all 
these k's. In order to fix these terms, we must refine the estimates for the 
sums s u [j?](r) which may contribute to them. This may require again the 
computer to find exact expressions for s u [£\(r) and then complete squares 
matching the expected inequalities. This happens particularly when the 
admissible length £ belongs to our exceptional sets B u . At the end, we 
may construct finer coefficients C' cft [fc](r) for k £ S-Pat m (s) satisfying the 
expected estimate 

C l q ct %}(r) < C^ h %], 

which completes the argument for q > q(G,ip). If q < q(G,ip), we reapply 
the same method. However, since Proposition 11.101 is no longer valid in 
that case, we replace it by a bound coming from Proposition 11.91 see the 
(/3)-estimates in the proofs of Theorems A1-A3 for further details. 

v) Extrapolation. General hypercontractivity for 1 < p < q < oo follows by 
adapting Gross technique |16l 117] to our setting. By interpolation we may 
prove L 2 —t L 2 + e hypercontractive inequalities loosing a factor log 3 with 
respect to the expected optimal time. Differentiating the dual inequality at 
time yields the corresponding logarithmic Sobolev inequality. Combining 
this with a Dirichlet form inequality for the infinitesimal generator gives 
rise to the general result. More details can be found in Appendix A below. 

Remark 1.12. Let us briefly review our conditions on ip. The spectral gap is just 
necessary for hypercontractivity, as shown in the Introduction. The subadditivity 
produces a Poisson-like semigroup and it is also crucial to determine the admissible 
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lengths. The conditional negativity — Markovianity of the semigroup — has been 
used to reduce the problem to the positive cone and it is also crucial to apply Gross 
extrapolation argument in Appendix A. The growth condition is needed to apply 
our second way to complete squares, while the cancellation condition — absence of 
small loops — is needed for our careful estimate of the sum S3 (r) and to deal with 
super-pathological terms. 

2. Optimal time estimates 

In this section we will use our combinatorial method to prove Theorems A1-A3 up 
to some numerical analysis and technical inequalities, which have been postponed 
to Appendices C and D for clarity in the exposition. 

2.1. Free groups. Let us write ci, C2, . . . , c„ to denote the generators of the free 
group F„ equipped with the associated word length | • |. In that situation we have 

N k = 2n(2n-l) fe -\ 0(F„, |-|,r) = f™ - and q(¥ n , |-|) = 4n 2 -4n+2. 

I — (2n — ljr 

Recall that we enumerated the set W k by w k (l), w k (2), ■ ■ ■ , w k (N k ). Additionally, 
we order them by imposing that w k (i) — w k (^ L + i)^ 1 for all 1 < i < ^ and 
Wi(i) = Ci for 1 < i < n, which will be helpful for some of our estimates below. 
Note also that 

JV fc /2 

/(<?) = /(.9 _1 ) > =► o fc (») = a k {^ + i) so that a k = 2 J^ a k (if . 

2.1.1. Admissible lengths. Let us refine the set of admissible lengths for free groups. 
Lemma 2.1. Given gi,g2, ■ ■ ■ ,g u € ^n> we fi n d 

i) There exists < m < ■= X)i=i \di\ su °h that 

u 

\9i92---9u\ =^2\9j\ ~2m. 

ii) Ifgi---9u = e, then J2j \9j\ is even and Hj^i \9j\ > \9i\ for any 1 < i < u. 

Proof. The second assertion follows easily from the first one, which in turn can 
be proved by induction. Indeed, it is clear for u = 1, while for u — 2 the identity 
holds for < m < |<7i|A|<72| < ^(Iffil + 1 1?2 1 ) - Namely, in case of cancellation in gig 2 
there is necessarily an even number of letters which will disappear, but no more 
than 2|<7i| A 2 1 ^2 1 - The general case easily follows from this one by induction. □ 

This lemma refines even more the set of admissible lengths \gj \ which may appear 
in the sums s u (r) for free groups. Namely, along the proof of Theorem Al we will 
redefine the set Adm u for 2 < u < q by adding a parity condition 

u u 

Adm u = U e L(u) : t x > l<i > . . . > t u > 1, ^^' even, l x < ^^}- 
With this new definition, we still have the identity s u (r) = X^eAdm s «[^]( r )- 
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2.1.2. Estimates for s 3 (r). As we already pointed out in the strategy, our estimate 
for the sum s 3 (r) must be treated apart to avoid the term k — (1,0) G L(s), which 
was already "saturated" by the sum S2(r). 



Proposition 2.2. We have 

3 

4 



3 3 

f{e)s 3 (r) < -r 4 a 2 + 6 ^ o,i{if ai(j) 2 r 4 + -r 4 a a 2 

l<z<j<n 



Ks/2J 

+ X! X! A m (£ 2l £ 3l r)a£ 2 a£ 3 + B m (£2,£ 3 ,r)a a e2+ £ 3 -2m 

£ 2 >^3>l "i=0 

(*2,W(1,1) 

L^3/2J 

< J^ J^ [A m (t2,h,r)a i2 ae 3 + B m (£2,£ 3 ,r)a a l2+ £ 3 ^2m] 1 

t-2>£3>l m=0 

where A (£ 2 ,£3,r) = B (£2,e 3 ,r), 
A m (£ 2 ,t 3 ,r) = ^M(i 2 +£ 3 - 2m,£2,i 3 )r 2{e2+e3 - m) m > 0, 

B m {l2,h,r) = ^(2n-2)(2n-l) m - 1 M{£2 + £ 3 - 2m^ 2 ,4)r 2( " 2+£3 " m) m > 1. 

Proof. We start by decomposing 

*3(r)= E * 3 K|(r) + *3[(2,l,l)](r). 

|eAdm 3 \{(2,l,l)} 

Given £ <G Adm3 and d ~ £, we set 

A 3 (d) = {(31,52,33) e F^ : 3i3253 = e and |^-| = djj. 
If d ~ £ is hxed, pick a permutation o^ € 63 such that dj = C-a d (j) an d set 

A 3 (d,h) = J (31,32, 33) e A 3 (d) : S^j^i) = ^} 

for any /1 G W4. Observe that £ = (£i,£2,£ 3 ) € Adm 3 if and only if £ 2 > £3 > 1 
and £\ = £2 + £ 3 — 2m for some integer < m < £ 3 /2. Our estimate for s 3 (r) relies 
on the following properties: 

a) A 3 (rf, hi) n A 3 (d, h 2 ) = for hi ^ h 2 , 

b ) Yl /(5 <7 -i(2)) 2 /(%i(3)) 2 <^2^ 3I 
(si,92,S3)eA 3 (d) 

c) If |/»| - £2 + 4 - 2m, |A 3 (d, ft)| = <5 m=0 + (2n - 2)(2n - l) m - 1 <5 m>0 . 

The first one is clear and the second one follows from the fact that the sum has 
only two degrees of freedom due to the constraint 313233 = e. To justify c), we 
assume for simplicity that d — £ and Ud is the identity map, the other cases being 
similar. Let h G Wg 1 and write h~ l = &162 • • • bt x with \bj\ = 1 and bj 7^ bj +1 . Then 
(51,52,33) G A 3 (d,/i) if and only if 31 = h and 

5253 = /i -1 = h ■ ■ ■ ft« 2 - m 77 _1 i){ 2 - m+ i ■■■bt 1 
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for some word 7 satisfying |-y| = to and \bg 2 - m ~/\ = \~f~ 1 bg 2 - m +i\ = to + 1. Since 
be 2 -mbe 2 - m +i 7^ e, this means that we have (2n — 2)(2n — I)" 1-1 possible words 7 
for to > and 1 possible 7 for to = 0. The assertion for £ 7^ (2, 1, 1) now follows 
using these properties and completing squares. Namely, we have 

|eAdm 3 \{(2,l,l)} 

3 



* e e />)n/fe>'- 

£eAdm 3 \{(2,l,l)} heW tl j=l 

i.~i (91,92, g3)eA 3 (d,h) 



= E L E E ( E /wll/te))^ 3 ^. 

£ 2 >£ 3 >1 m=0 d~£ m heWi 2+e;i - 2m J = l 

(^2,^3)^(1,1) (si,s2, S 3)eA 3 (d,/ l ) 

with £ TO = (^2 +^3 — 2to, £2, £3)- Now, completing squares in the last sum we obtain 
3 

7f W 



< 



< 



E />)II/te 

/( e ) 2 /(^) 2 + 7(3 CT - 1(2) ) 2 /(.9.- 1( 3)) S 



fteiVf 2+J > 3 _ 2m i=i 

(9l,92,S3)eA 3 (dJi) 



E 



?iew^ 2+<! 3_ 2m 

(gi,92,93)eA 3 (d,h) 



-f <5 m= o + (2n- 2)(2n- l) m 1 <5 m>0 Jao^ 2 +^-2m + ^a£ 2 a<> 3 



Combining both estimates and since there are M(Q choices for d ~ £, we find 
/(e) ]T ^(r) 

<?£Adm 3 \{(2,l,l)} 

^ E E ^M(£ m )r 2 ^+^- m) ^ 2 ^ 3 

£ 2 >£ 3 >1 m=0 

(«2,W(1,1) 



E E ^M(£ m )r 2 ^+^- m)/3maoa£2+< , 3 _ 2 



£ 2 >£ 3 >1 m=0 

((2,(3)^(1,1) 

It remains to prove the following inequality 

7(e)* 3 [(2,l,l)](r) < ^r 4 (cv 2 + 2 ao a 2 ) + 6 £ «iW 2 «i(j) 2 ^ 4 < ^ 4 (« 2 + a a 2 ) 

to conclude the proof. Assuming that W2{i) = cf, we have 
/(e) S3 [(2,l,l)](r) = E /(e)/(3i)/(52)/(33)r 4 

SiS293=e 
(l9lU92|,| 33 |)~(2,l,l) 



r\ 



r 4 
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n 

= 6a y^2a 1 (i) 2 a 2 (i)+ ^ Oi(i)°i0')( X! fl2 ( fc ) 

8=1 l<i<j<n k£K(i,j) 

where K(i,j) denotes the subset of {1, 2, . . . , N2/2} of cardinal 4 verifying that 
{w2(k) : k £ K(i,j)} is constituted of words with the first letter in {ci,c~ } and 
the last one in {cj,c~ }. Completing squares as before we get 

/(e)* 3 [(2,l,l)](r) 

n N 2 /2 ^ 

< 3[^ ai « 4 +^a2 a2W 2 +4 J2 ai (z) 2 ai (jf 

i— 1 z— 1 l<i<j<n 

< -r 4 (a 2 + 2a a 2 ) + 6 ^ ai« 2 ai(j) V < -r 4 (a 2 + a a 2 ). D 

l<i<j<n 

2.1.3. Numerical estimates for F n . Our goal in (|1.2I) was to show that 
f(ey- u s u (r) < ]T C^Jk](r)a k , 

keL(s)\{0} 

for all 2 < u < q and certain coefficients C^ u [fc] (r) . In this section we will identify 
these coefficients for F„ equipped with the word length. The proofs of these results 
are quite simple but tedious, so we have decided to collect them in Appendix C. 
This will make the core of the argument more transparent for the reader. Let us 
recall that R(¥ n , | • |) = 2ra 1 _ 1 » so ^at we decompose the sums s u (r) for 4 < u < q 
following ()1.3p or (|1.4|) for r > 9w 1 _ 1 or r < 2 n-i res P ec tively. Hence, we need to 
define three kinds of left-coefficients as follows. Take * = A for r > „ , and * = A 
otherwise. Then, the coefficients for 4 < u < q are given by 

(2.1) C>1 [k](r) = Cl± R [k](r) + C\ff[k](r) + C q ff[k](r), 
where the right hand side is determined by the inequalities 

k£L m (s) 

a s ~ m P2m(r) < ]T C l q ^[k](r)a k , 

keL m (s) 

«r m S 2m (r) < Y, Cl £lM(r)cXk, 

keL m (s) 

for u = 2m and similarly replacing (R 2m (*, r),P 2m (r), S 2m (r), L m (s)) by the sums 
(R 2m (*, r), P 2m (r), S 2m (r)) with the summation index L' m (s) when u = 2m — 1. 
By construction, regular and pathological terms do not contribute to each other 

s 

k G Reg(s) := |J Reg m (.s) => C^ p [fe](r) = for 4 < u < g, 

(2.2) m T 2 

k <= Pat(s) := (J Patm(s) =*> ^^[^(r) = for 4 < u < q. 



Moreover, we will see that S 2m (?*) and S 2m (r) do not affect the regular terms 
^sfMir) = 0. Hence, C\fjk](r) = C* 



k E Rcg(s) => C*f > s [fc](r) = 0. Hence, Cj* [fc](r) = C^- R [fc](r) for regular 
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2 r , 



fc's. It is crucial for the numerical part of the method that the critical function is 
uniformly bounded. This holds true for F2 equipped with the length function. Its 
critical function is given by the graph below. 

H q (m) 



U), 
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The critical function /j g (F2, | • \,rn) 



m 



The critical function above is thought for q large, since fj, q (¥2 , | • | , rn) is just defined 
for to < q/2. Although we have not shown yet how to construct this function, we 
could give better bounds for it at a fixed value of q. However, it will be crucial to 
work with a uniform bound in g, that is why the function above does not depend 
on this parameter. The same comments apply to the critical functions we shall use 
for triangular and cyclic groups below. In Theorem Al ii), our aim is to treat all 
the F„'s together and get an uniform result in n. To do that, we need the critical 
function /j, q (¥ n , | • |, m) to be uniformly bounded in (n, m, q), so that we find finitely 
many forms of pathologies which can be fixed by hand. This is possible if we allow q 
to be large enough. More precisely, for q > q(n) = (22n) 44n + 2 the critical function 
is given by 



M F «> 



,m = 





2 



for m = 1, 
for 2 < to < s. 



The index q(n) is very large, this is crucial to obtain a uniform result in n. On the 
contrary, for n fixed, a more careful approach in terms of numerical computations 
could improve q(n). We might even extend Theorem Al i) to F3, F4, . . . and obtain 
q(n) = 4 for these values of n. For the uniform result in Theorem Al ii) we just 
consider q > q(n), so that A-estimates are not needed to control regular terms when 
q < q(¥ n , I • |). This is why (/3)-estimates below are stated only for F2. Moreover, 
since the set of super-pathological terms is different for F2 when q > 4 and for F„ 
when q > q(n), we will establish an (e)-estimate for each case. 

(a) Coefficients for u = 2,3. We start with estimates of C^* [fe](r) for u = 2,3, 
which we deduce from Proposition ^. 21 We establish these estimates in the general 
case F n . 
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) «[(fc,0)](r) 



Lfc 2 /2j 



on) C't[(fci,fc2,0)](r) = 



fl(s-l) 

adii) If fc < 4<5„ =2 + 2<5 n >3, we obtain 



-M(fci,fc 2 ,Q)( ^ 



„2(fei+fe 2 -m) 



m=0 



CT(*.o)]M 



iffe = l, 

§r 4 + (n-l)r 6 if k = 2, 

3r 6 + 3(n-l)r 8 if fc = 3, 

§r 8 + 6(n - 1)V 10 + (n - l)(2n - l)r 12 if jfe = 4. 



aiv) If fc > 5<5„ =2 + 3<5„>3, we obtain 



3fc(l-r 2 )r 



6(rt-l)r 2 



C£?,[(*,S)](r) 



2(l-(2n-l)r 2 ) + (2n-l)(l-(2n-l)H) 

3(ri-l)fc 2 +(30ra-24)fc+24(w-l) 
4(2n-l) fc + 1 



when r < 



x/2n-l ' 



when v 



V2n-1 ' 



(/3) Coefficients for A-regular terms — F 2 . Given 4 < u < q and fc £ Reg(s) 
we now compute those C' C ^ R [fc] (r) which arise from the A-estimates established in 
Paragraph ll.81 Recall that we use these estimates only for 4 < q < <?(F 2 , | • |) = 10. 
Since it suffices to consider the optimal r = l/y'g — 1, we need to estimate the 
left-coefficients in the range | < r < -4=. For fc £ Reg m (s), we find 



/3i) If 2 < m < s, we obtain 

' (2m)!(s - m)\ 



C l q f£lk](r) 



M(k)2 m - 2 T^ 
(2m)!(s-m)! ,,, M (3r 2 )^ / 4Y 



s! 



16M(fc) 



|fc|3( 



"(^(s^i)' 



if r = - 

ii / 3 , 

if I < r < J_ 



l-|fe|)/2 



V3-1 

/3ii) If 3 < to < s, we obtain 

(2m-l)!(a-m)! M( ^ )2m _ 43 _ | , | 

(2m -l)f(s-w) !..,,, (3r 2 )^ 



if r = -t= and s = m = 2. 



ileft,R 



cteui&iir 



ifr = i, 



2(s!) 

/3iii) If 3 < m + 1 < s, we obtain 

(2m + l)!(s-m)! 

plcft.R 



"^(s^i) 



, m-2 



M(fc)2 m - 3 3-^ 



'g,s 2m+ i 1 



(2m + l)!(s-m)! ( 3r2 )'-' 



Ar \ m 



2(s\) 



"^(s^i) 



it f<'-<73- 



if r = 



if i<^<73- 



(7) Coefficients for A-regular terms. If q > q(¥ n , \ ■ |) = 4n 2 — An + 2 and 
fc € Reg(s), we use the estimates for regular terms proved in Paragraph 11.91 Let 
us be more precise. Given s > 2v? — 2n + 2 and < r < „ 1 _ 1 , we may rewrite 
Proposition 1 1 . 1 01 for fc £ Reg m (s) as follows 
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7i) If 2 < to < s, we obtain 

C ») = 2i*^( T ^|^)"-Vi a «M (t) . 

7ii) If 3 < to < s, we obtain 

G ^— [ - Ur) - (m-l)W Vl-(2n-l)J r M( - j ' 

7iii) If 3 < m + 1 < s, we obtain 

c ieft,R ]k](r] _ (2to+1)!(s-to)! / 2nr \ m r m+i M(k) 

(<5) Coefficients for pathological terms. To estimate the coefficients Cr~^ [&](?"*) 
for pathological terms, we will use again the A-estimatcs in Paragraph 11.81 in a 
slightly modified form. Let us introduce some terminology. Given k g Pat m (s) set 

A 2m \M = 1 1 G Adm 2m : fcj € {4,-1, 4./} for 1 < j < m\ \ B 2m . 

Similarly, for k £ Pat TO (s) we define 

A' 2m \k] = {^ e Adm 2m : % G {4y_i,£y} for 1 < j < m} \ B' 2m . 

It is crucial to observe that, thanks to our definition of the admissible lengths 
Adm„, the sets ^2m[fc] and ^4' 2m [fc] are finite. Given £ £ Adni2 m U Adm 2m , we also 
consider the sets P(£) = \{l < j < m : £ 2 j-i — ^2j}\- Given < r < 1, we find 
for k £ Pat m (s) the following estimates 

5\) If 2 < to < s, we obtain 



c l ;Z\M(r)= E 2 m - m (U N ^-> ) M ^y- 



M 
eeA 2m \M ' j=z 

<5ii) If 3 < to < s, we obtain 



l&A' 2m \k] 3=2 

5m) If 3 < m + 1 < s, we obtain 

r)P(£)-m m+1 
l£A' 2m+2 \k} V ' 3=2 

(e) Coefficients for super-pathological terms — F 2 . Most of our estimates 
above for pathological terms will serve for our purposes. However, a few of them 
are not fine enough. Using a computer, we identify those k £ Pat(s) which fail 
this test and call them super-pathological. These terms have one of the forms 
(1,1,0), (2,1,0), (3,1,0), (2,2,0), (1,1,1,0), (1,1,1,1,0) adding at the end as 
many zeros as needed to form s-tuples. In order to improve our estimates, we need 
better bounds for the sums s u [^](r) with £ belonging to the exceptional set B u 
where 

Bi = {(1,1,1,1), (3,1,1,1), (2,2,1,1), (3,2,2,1), 
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(5, 2, 2,1), (5, 3, 3,1), (4, 3, 2,1) 

B 5 = {(2, 1,1, 1,1), (3, 2, 1,1,1), (2, 2, 

B 7 = {(2,1,1,1,1,1,1)}, B s = {(1, 

We have B u = otherwise. Given < r < 1 



,(2,2,2,2)}, 

2,1,1)}, B 6 = {(1,1,1,1,1,1)}, 

1,1,1,1,1,1,1)}, 
, we find 



el) 




s 4 [ 


(l,l,l,l)](r) 


< 


2r 4 a?, 


e2) 




s 4 [ 


(3, l,l,l)](r) 


< 


9r 6 a 2 + r 6 aia 3 , 


£3) 




s 4 [ 


(2,2,l,l)](r) 


< 


13r 6 aitt2, 


el) 




s 4 [ 


(3,2,2,l)](r) 


< 


72r 8 aia 3 + 24r 8 a|, 


e5) 




s 4 [ 


(5,2,2,l)](r) 


< 


12r w a 1 a 5 +2Ar w a 2 2l 


£()) 




s 4 [ 


(5,3,3, l)](r) 


< 


2l6r 12 ai a 5 + 24r 12 a 2 , 


el) 




s 4 [ 


(4,3,2,l)](r) 


< 


144r 10 a:ia4 + 48r 10 a 2 a 3 , 


£8) 




s 4 [ 


(2,2,2,2)](r) 


< 


12r 8 a^, 


£9) 


m 


85 [ 


(2,l,l,l,l)](r) 


< 


^■r 6 a a 1 a 2 + f|r 6 af , 


£10) 


m 


85 [ 


(3,2,l,l,l)](r) 


< 


160r 8 a a 2 a 3 + 120r 8 af , 


ell) 


m 


Ss[ 


(2,2,2,l,l)](r) 


< 


240r 8 a a 1 a 2 + 20r 8 aia|, 


£12) 




■Sfi[ 


(l,l,l,l,l,l)](r) 


< 


4r 6 af, 


£13) 


m 


87 [ 


(2,l,l,l,l,l,l)](r) 


< 


^r 8 a a? + ^r 8 a?a 2 , 


£14) 




Sg[ 


(l,l,l,l,l,l,l,l)](r) 


< 


fr*ai 



(e 1 ) Coefficients for super-pathological terms — F n . In the general case F„ 
the (^)-estimates above for pathological terms are not fine enough to treat all n's 
together. Hence we need to be careful with all the pathological terms. Since 
H q {¥ ni |-|,m) = 2 for 2 < m < s, the pathological terms have the form (1, 1, • • • ,1,0) 
and (2, 1, • • • , 1,0) in L m (s) for all 2 < m < s. We need to estimate better the 
sums s u [£] (r) with £ belonging to the set B u , where 

S 2m = {(l,l,...,l)} GAdm 2m for all 2 < m < s, 

S 2m+ i = {(2, 1,...,1)} e Adm 2m+ i for all 2 < m < s- 1. 

Given < r < 1, we find for 2 < to < s 



e'l) 

e'2) 



/(e) 



S2m [(l,...,l)](r) 
S2m+1 [(2,l,...,l)](r) 



< 



< 



(2m)! 



2m m 

r a 1 , 



to!(to + 1)! 

3(2m+l)! 
2(m- 1)!(to + 2)! 

3(2m + l)! 



r 2m+2 a a r [ i - 1 a2 



+ n(2n-l)- 



„2m+2 a m+l 



4(m- 1)!(to + 2)! 

Remark 2.3. The super-pathological sums in (e) and (e 1 ) do not affect the regular 
terms k e Reg(s). Indeed, we have |ft| < 6 and |fc| < m + 1 for the Ofc's in the right 
hand side of the (e) and (e 1 ) estimates respectively. Also, recall that k € Reg m (s) 
in F 2 when 

\k\>m + Hg{¥ 2 , 1 • I, to) > m + 14 
since 2 < m < 4 for the k's in (e). Similarly, k <G Reg m (s) in F„ when 

\k\ > m + n q (¥ n , I • I, to) > to + 2. 

This means that for these terms we have in both cases C q ^ [k\(r) = 0. 
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2.1.4. Proof of Theorem Al i). According to (|1.2|l . it remains to prove 
Cl cl %](r) := i2( q ) C ltM(r) 

1=2 V UJ 

qA(2m+l) 



E 



ii=2V(2m-l) 



' n ^„[fc](r) < Cf ht [fc] = M(k), 



for fc € L m {s) \ {0} and < r < 1/^/g — 1. The second identity follows easily 
from the process of completing squares, the only sums s u (r) which may have a 
contribution to a& with fc £ L m (s) are those with w £ {2m — 1, 2m, 2m + 1}. We 
divide the proof into regular and pathological cases. 

The regular case fc £ Reg m (s). We have 

Cf%](r) = C^lk}(r) 

for any k £ Reg(s). Indeed, it follows from (j2.ll) . (J2.2I) and Remark 12.31 When 
m = 1, we have Reg 1 (s) = Li(s) since ^ g (F 2 , | • |, 1) =0. Therefore, fc is of the 
form (fc, 0) for some k > 1 and we have to prove 

2)« R [fc]M+(3)« R [fc](r)<.s 

for any k > 1 and s > 2. The case fc = 1 yields {^)r 2 = s for r = l/y/2s — 1, 
which is sharp as announced in Paragraph 11.101 If k > 2, according to estimates 
ai), aiii) and aiv), the proof reduces to inequalities (|D1.1[) - (|D1.4I) in Appendix Dl 
for n = 2, except for fc > 5 and s = 2 which follows by direct substitution. When 
m = 2, regular terms k = (fci,&2;Q) must satisfy |fc| > 2 + ^i g (F2, | • |,2) = 16, so 
that we need the inequality 

;)c r bw+(;)ciw+(;)cbm < m), 

with the usual convention that (|) = for q < 5. If 2 < s < 5, we use mi), /3i) and 
/3iii) and the expected inequalities follow by direct substitution. If s > 6 we use 
ah), 7i) and 7m), which reduces to inequality (JD1.5P in Appendix Dl for n = 2. 
When 3 < m < s and fc € Reg m (s) we need to prove 

If3<m<s<5, we use /3i), /3ii) and /3iii) to obtain the desired inequality by 
direct substitution noting that \k\ > m + [i q (F 2 , | • |,m). If s > 6 we use 7!), 7U) 
and 7iii) to reduce the desired inequality to (|D1.6|) in Appendix Dl for n = 2. 

The pathological case fc £ Pat m (s). The pathological sets Pat m (s) are all finite 
for fixed value of s and m, but these values range over an infinite set since q = 2s 
can be arbitrarily large. We will estimate the terms with m > 22 by hand. The 
other cases present finitely many classes of pathologies and will be estimated with 
computer assistance later on. Since fj, q (¥2, | • |, m) = 1 when 22 < m < s, we have 
Pat m (s) = {(1, 1, . . . , 1,0)}. Since B u — for u > 9, the super-pathological sums 
do not affect these fc's. This means that C' oft [fc](r) = C' cft,p [fc](r) is given by our 
(<5)-estimates. By definition of the admissible lengths Adm„, we obtain 

4>Jfc] = {(*,1,1,...,1,0) : 2<£<2m-2,fcven} C Adm' 2m , 
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A 2m [k] = {(£, 1,1, - - -, 1,1) : 1 <£< 2m ~ I, £ odd} C Adm 2 
A' 2m+2 \k\ = {(i,l,l,...,l,0) :2<£<2m,leven} c AcU 2m+2 



m • 

in. 



Using Si), Sii) and Sin) we get 

/ \ A-rn— i. 

0» = ( 2 * ) (^ V™ + £ m4 



2m- 1 



m-1 2m-l+< 



=3 

focld 



\ 2m-2 / O \ 2m 

-" » V^ fO™ _ iA/im-3 2m-2+£ , / zs \ V^ / _ , 1 N /l m-l2m+« 



. , (2m - i)4™-V"- 2 + £ + V (2m +1)4 

2m- 1/ ^ v ; \2m + l) ^ K ' 

e.=2 x 7 1=2 

£even £cvcn 



r 



< 



2s \2m-l [2s\m ( 2s \ 2m + 1 



2m - 1/ 4 3 V 2m / 4 V 2m + ! 



-r 2 



^m r 2m 

1-r 2 ' 



Since C" sht [7c] = (^), we are reduced to prove (JD1.7I) in Appendix Dl. It remains 
to analyze the terms in Pat m (s) with 2 < m < 21. It is crucial to note that this 
set is finite. Indeed, using our (a), (5) and (e) estimates we can express the left 
coefficients of the pathological terms in (J 2 <m<2i -P^m^)- Thanks to the parity 
condition established in Lemma |2.1[ in these left coefficients r always appears with 
an even exponent. Hence, we are reduced to prove a finite number of inequalities 
for functions in the variable r 2 = 2 1 _ 1 , which become rational functions in s. 
Equivalently, by rearranging we have to prove that a finite number of polynomials 
in s are positive. Since s only takes integer values, this can be easily done by a 
computer via the positivity test explained in Appendix D. Only a small number of 
terms fail this test, the terms a^~ a 2 for 2 < s < 6. 

In this case, we split the coefficient a\ and go back to the coefficients ai(l) and 
a\{2) which we found in the process of completing squares. More precisely, the sums 
potentially contributing to k = (1, 1,0) S Pat2(s) are S3(r) and — according to the 
sets A 2m [k] and A' 2m+2 [k}— s 4 [(l,l,l,l)](r), a 4 [(3, 1, 1, l)](r), s 5 [(2,l, l,l,l)](r), 
S5[(4, 1, 1, 1, 1)](j"). According to Proposition ^. 21 the contribution of s%(r) is given 

by 

A 3 = ( 2 3 S )(^ 4 a 2 + 6rV(l)V(2) 2 ). 

On the other hand, according to Appendix C, we show with our estimates of el) 
and e2) — not the final bound in terms of a 2 , but the previous ones — that the 
contribution of the S4-sums above to a 2 is dominated by 



/2s\ /3 
A ~ -4 



(i r * a 2 + 4r 4 ai (l) 2 fll (2) 2 + 36r 6 ( ai (l) 4 + fll (2) 4 )) . 



Finally, our way of completing squares for e9) does not give any contribution for 
S5[(2, 1, 1, 1, l)](r). According to <5iii), the last sum ss[(4, 1, 1, 1, l)](r) contributes 
as A 5 = ( 2 5 s )20r 8 a 2 . The goal is to show that 

s(s — 1) 9 
A3+A4 + A5 < - J al, 

where ot\ — 2(ai(l) 2 + ai(2) 2 ). We may rewrite A3 + A4 + A5 as follows 

A(s)ai + 4B(s)(a 1 (l) 4 + a 1 (2) 4 ) + 8C(s)a 1 (l) 2 a 1 (2) 2 < [A(s)+m&x{B{s),C(s)}}aj, 
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with 

A(s) 



B(s) = 
C(s) = 



s{s - l)(24s 3 - 4s 2 - 94s + 93) 
12(2s-l) 3 : 

3s(s-l)(2s-3) 
2(2s-l) 2 ' 
s(s- l)(2s + 3) 



12(2s - 1) ' 
The assertion follows from A(s) + ma,x{B(s), C{s)} < ^^ for 2 < s < 6. □ 

2.1.5. Proof of Theorem Al ii). The argument will follow the same steps as the 
proof of Theorem Al i) detailed in Paragraph s . 1 .41 by using the estimates (a), (7), 
(8) and (e') for the free group F„ with n generators. 

The regular case k £ Reg m (s). This is similar to the regular case for F2. It is 
even simpler since in our situation we assume q > q(n) and we do not need the 
A-estimates. When k £ Reg 1 (s) = L\(s), it reduces to prove inequalities (|Dl.ip 
and (JD1.4J) in Appendix D, the case k = 1 being trivial. When k € Reg 2 (s) with 
|fc| > 2 + n q (¥ n , I • |,2) = 4 we use mi), 71) and 'yiii) to end up with inequality 
(|D1.5I) in Appendix D. When 3 < m < s and k £ Reg m (s), we reduce the desired 
inequality to (ID1.6[) in Appendix D by means of 71), 711) and 7m). 

The pathological case k £ Pat m (s). In the general case F n we will fix by 
hand all the pathological terms k £ Pat m (s) = {(1, 1, . . . , 1,0), (2, 1, ... , 1,0)} for 
2 < m < s. We start with k = (1, 1, . . . , 1,0) £ Pat m (s) for 3 < m < s. By using 
the description of the sets A' 2m [fc] , A 2m \k\ and A' 2m+2 [fc] given in Paragraph 12.1.41 
together with the estimates (8) and e'l) + e'2), we obtain 

2s y 3n(2n-l)(2m-l)! r2m | *y? {2m ^ W^! ^^ 

t even 



2m-\)\ 4(m- 2)!(m + l)! ' z — 



( 2S \( ( 2W ) ! >x V^ ^fl^rn-l^m-l+e 



+ —^ >?#" + \ m (2n)- 'r 

\2mJ\m\(m + l)\ ' ' 



e=3 

e odd 



2S \ V^.o™ , 1^)™ 2m+i 



1m 

, , (2m + l) v "' v r l 
2m+\ ^ K ' 4 

7 £=4 
£ even 

The term for £ = 2 in the last sum vanishes through the use of e'2). Recalling 
that C r q isht [k] = ( m ), we are reduced to (JDl~8t in Appendix D. For k = (1, 1,0) in 
Pat 2 (s), putting together similarly mi) + e'l) & Si) + e'2) & 5iii) yields (|D1.9P in 
Appendix D. We now turn to k = (2, 1, • • • , 1,0) G Pat m (s) for 3 < m < s. In that 
case, the definition of admissible lengths yields the following descriptions 

A' 2m [k] = {(2,1,..., 1,0)} 

U{(^,2,1,...,1,0) : 3<£<2m-l, ^odd} 
U{(^2,2,1,1,...,1,0) : 2<£<2m, £ even} C Adm' 2m , 

A 2m [k} = {(*,2,1,...,1) : 2<£<2m, £ even} 
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U{(42,2,1,...,1) : 3<£<2m+l, £ odd} C Adm 2m , 

A' 2m+2 [k] = {(2,1,..., 1,0)} 

U{(^,2,1,...,1,0) : 3<£ < 2m +1,^ odd} 
u{(£, 2, 2, 1, . . . , 1, 0) : 2 < £ < 2m + 2, £ even} C Adm 2m+2 
By using (5) and e'2) we find 

C l q ct %](r) = ( 2S )A m (r,s)+(* S )B m (r,s)+( 2 " 
H \2m — 1/ \2mJ \2m + 1 

where 



Amir, a) = J! i — i (2m-l)(2m-2)r 

£=3 

fodd 

2m (2n) m ~ 2 (2n — 1) /l I \ 

+ J2 g -(2m-l)(2m-2)(2m-3)(-&=2 + -&* 2 )r 

fcvcn 
2m 

S m ( r , s ) = ^ (2n) m ~ 1 m(2m - l) r 2m+e 



2m+e 



1=1 
£cvcn 



v-^ (2n) m - 1 (271-l) ,„ ,.. . 2 

+ z2 — -m(2m-l)(2m-2)r 2 

f=3 

£odd 

r /„i - 3(2m+l)! 2m+2 y^ W" m fo m I iy2m+i+i 

Cm(r ' S) ~ 2(m-l)!(m + 2)! r + ^ 2 m (2m + l)r 

fodd 

+ ^ 2 (2nr(2n ~ 1) (2r n + l)(2m)(2m - 1)(^ =2 + ^ 2 )r 2 ™+ 2 +f 

£cvcn 

Since C^ ht [k] = (m _ 1) ?; a _ m) , = £( A)' thi s yields flDLlOt in Appen dix D. For 
k = (2, 1,0) € Pat 2 (s), using ah) and (|D1.10|I for m = 2 we get (|D1.11|) . This ends 
the proof of the pathological case and completes the proof of Theorem Al ii). □ 

2.2. Triangular groups. We now apply the combinatorial method presented in 
Section Q] to another natural example of finitely generated group equipped with the 
words length | • |, the triangular groups 



A 



aM = (a, b,c\a 2 = b 2 = c 2 = (ab) a = (bef = (ca)' 1 = e\. 

In the spirit of this paper, we will only highlight the main steps in the proof of 
Theorem A2 and collect all the technical computations in Appendices C and D. We 
denote by L :— 2min(a, /3,'y) the length of the smallest loop in A Q ^ 7 , and we will 
see that for technical reasons we need to avoid small values of L (namely L > 15) 
to make our argument work. In that situation we have 

N k <3-2 k -\ g(A aPl ,\-\,r)<^—^- and q(A a01 ,\ ■ \) = 5. 
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2.2.1. Admissible lengths. Observe that all possible loops in the group have even 
length. Therefore, Lemma \2. II still holds true in the case of triangular groups and 
we may also refine the set of admissible lengths in that situation by adding a parity 
condition and setting for 2 < u < q 

u u 

Adm„ = U £ L(u) : £ x > £ 2 > . . . > £ u > 1, XX' even, £ x < ^tj]- 

3=1 J=2 

2.2.2. Estimates for s 3 (r). The necessity of avoiding small loops appears in the 
estimate of the S3-sum below. Indeed, when we are below the smallest loop around 
the origin, the group behaves like a free group and we can obtain a finer estimate 
for s 3 (r). However, when we are above that smallest loop, some cancellations may 
appear and it becomes more difficult to estimate this sum. Fortunately, this may be 
compensated by the decay of the semigroup, which allows us to use somehow brutal 
estimates for lengths beyond certain relatively small quantity which we impose to 
be the smallest loop length. More precisely, we will choose L such that the following 
estimates imply /i g (A Q/ 3 7 , | • |, 1) = 0. 

Proposition 2.4. We have 

LW2J 
/(e)s 3 (r) < ^ X! [A m (i2,t3,r)ai 2 a i3 + B m (£ 2 ,e3,r)a a ai 2+i3 -2m], 

where we have for K = K(£ 2 , £3, L) = 3 ^+^~ L 
A m (£ 2 ,£3,r) = ^M(£ 2 +£ 3 -2m,£ 2 ,£ 3 )r 2 ^ +e z- m \ 

B m (£ 2 J 3 ,r) = ^N l3 M(£ 2 +£3-2m 1 £ 2l £ 3 )r 2 ^+^- m ^ m <K, 

+ \{5 m=G + 2 m - l 5 m>Q )M{£ 2 + £ 3 - 2m,£ 2 ,£ 3 )r 2 ^ +e3 -^6 m>K . 

Proof. We follow the argument in the proof of Proposition ^. 2[ by modifying only 
the estimate c) of \A 3 (d,h)\. Recall that for £ £ Adni3, d^£ and h £ We 1 we 
define 

A 3 (oQ = {(51,52,33) G A^, : 515253 = e and \g 3 \ =djj, 

A 3 (d,h) = {(51,52,53) e A 3 (d) : 9 a -\ 1} = hj. 

When £1 < L/3, the elements (51,52,53) G A^ considered satisfy 515253 = e and 
\gj\ < L/3 for all 1 < j < 3. Hence no loops could appear, and the only possible 
cancellations are the usual ones, as in the free case. In that situation c) becomes 

c') If \h\ =£ 2 +£ 3 - 2m, |Aa(d, h)\ = 6 m = + 2 m - 1 6 m>0 , 

whenever £\ = £ 2 + £ 3 — 2m < L/3 <=> m > K(£ 2 , £ 3 , L). If £\ > L/3, we may have 
extra cancellations coming from the loops in the group, and we cannot estimate 
\A 3 (d,h)\ precisely. We will use the trivial inequality \A 3 (d,h)\ < Np 3 whenever 
m < K(£ 2 ,£ 3 ,L). Putting all together yields the required result. □ 
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2.2.3. Numerical estimates for A a /3 7 . We keep the notation 

C l q f: R [k](r), C^f[k](r), C l q ff[k](r) 



introduced in Paragraph 12.1.31 Then (I2.2J) still holds true, and we will see that 
the super-pathological sums do not affect the regular terms. We collect below the 
formulas for these left coefficients arising from the results detailed in the general 
method in Section [TJ We refer to Appendix C for the details of the proofs. In the 
case of a triangular group A Qi g 7 with L > 15 equipped with the word length, the 
critical function is given by the graph 

fj, q (m) 
13 



12 3 4 5 6 7 8 11 12 14 15 

The critical function jii(,(A a( g 7) | ■ |,m) 

(a) Coefficients for u = 2, 3. We find 



m) Cj*[(*,0)](r) =r 
ail) Cj£[(fci,fe,,Q)](r) 



21. 



o r ki+k 2 

' M(k!,k 2 ,Q) 



8(8-1) 



am) If 1 < k < 3, we obtain 



C£?,[(*,0)](r) 



aiv) If k > 4, we get 



«[(fe,0)](r) 



3r 



2/, 



2(1 -2r 2 ) 

,12 i q«„14 



!_ r 2 



if k = 1, 

§r 4 + ±r 6 if jfc = 2, 
3r 6 + 3 ? .8 jf fc = 3. 



( k (l~r 2 ) + T -L-2)6 k<L/3 



(27,- + 45,- + 36r")* fc=6 + ^L-L^-^^ 



>k>L/3- 
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(/?) Coefficients for A-regular terms. We will use the A-estimates for regular 
terms only in the case q = 4 (r = l/v3) since g(A a/ 3 7 , | • |) = 5. In that situation 
we find the following coefficients for k £ Reg 2 (s) 

36\/3 /2\\M 



P) cit' R WM = M(k) p^= (-) 

' q ' Si UJV ' y ~' (2-V3)(V3-l) ^ 



(7) Coefficients for A-regular terms. If q > <7(A a ^ 7 , | • |) = 5 and k £ Reg(s), 
we use the A-estimates. Given s > 3 and < r < i, we may rewrite estimates 7i), 
7ii) and -yiii) for the free group replacing the sum G(G, ip, r) = 2nr/(l — (2n — l)r) 
there by our estimate 3r/(l — 2r). 

(<5) Coefficients for pathological terms. The coefficients Cig ,p [fe] (r) for patho- 
logical terms follow from the formulas established in Paragraph s. 1.3l for F„ deduced 
from the A-estimates, with Nk < 3 • 2 fe_1 in that case. Note that the inequality 

N* e < N l2j _ t 

(used in the proof, see Appendix C) does not necessarily hold since Nk might not 
be increasing. However, our upper bounds 3 • 2' £ ~ 1 are increasing, which is enough. 

(e) Coefficients for super-pathological terms. By implementing in a computer 
the formulas for pathological terms (5) above, we identify the super-pathological 
terms which fail the required inequality. These are of the forms (1, 1,0), (2, 1,0), 
(1, 1, 1,0) adding at the end as many zeros as needed to form s-tuples. Hence, we 
need more careful estimates for the sums s u [£\ (r) with £ belonging to the exceptional 
set B u where 

B A = {(1,1, 1,1), (3,1, 1,1)}, B 5 = {(2,1,1,1,1)}, B 6 = {(1,1, 1,1, 1,1)}. 

We have B u — otherwise. Given < r < 1, we find 

ei) « 4 [(l,l,l,l)](r) < 2r 4 < 

di) s 4 [(3,l,l,l)](r) < 3r 6 a2 +r 6 aiQ , 3; 

eiii) /(e) « 5 [(2,l,l,l,l)](r) < fr e a a 1 a 2 + fr 6 al 
eiv) s 6 [(l,l,l,l,l,l)](r) < 5r 6 al 

Remark 2.5. Note that |fc| < 4 for the ak's in the right hand side of the estimates 
above. Also, recall that k £ L m (s) is regular when \k\ > m + ^ 9 (A a/ g 7 , | • |,m). 
Since 2 < m < 3 for the fc's above and /x g (A a ^ 7 , | • |,m) > 6 in that range, it is 
clear that the super-pathological sums do not affect the regular terms k £ Reg(s). 
This means that for these terms we have C' c ^ s [fc](r) = 0. 

2.2.4. Proof of Theorem A2. As we did for the free group in Paragraph 12.1. 4[ it 
remains to put together all the estimates established in (a) — (e) above in order to 
prove for all k £ L m (s) \ {0} 

? A(2m+l) , v 

C l q cl %](r) = J2 {l) C tZM(r) < C^ ht [k] = M(k). 

The regular case k £ Reg m (s). By Remark l2.5l we will only use (a), (f3) and (7) 
to fix the regular case. When m = 1 and k = (fc,0) £ Reg 1 (s) = Li(s) we need 
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to prove the inequalities (|D2.1j) - (|D2.5P in Appendix D, the case k = 1 is trivial. 
It is crucial to observe that to make the inequalities (|D2.4p and (|D2.5j) true for 
all s > 2, which corresponds to the case k > L/3, we need the condition L > 15. 
When m = 2, we have k = (ki, fc 2 ,0) £ Reg 2 (s) if \k\ > 2 + /j g (A Qj g 7 , | • |, 2) = 15. 
If s = 2 (r = l/v3) w e use ah) and /?) and the desired inequality follows by direct 
substitution. If s > 3 (0 < r < i) we use cdi), 7i) and -yiii). The resulting inequality 
is (|D2.6[) in Appendix D. When 3 < m < s and k £ Reg m (s), we reduce the desired 
inequality to (|D2.7|) in Appendix D by means of 7i), -yii) and 7ih). 

The pathological case k £ Pat m (s). We proceed as for F 2 . We first fix by 
hand the terms of the form k = (1, 1, . . . , 1,0) £ Pat m (s) for to > 15, then we use 
computer assistance to treat the finitely many remaining cases. Since the parity 
condition still holds in this setting, we can similarly describe the sets A' 2m \k\ , A^m [fc] 
and ^2m+2[— 1 ■ Using (<5), this yields for < r < 1 



c l :*Mr) = [Z)* m -V m + Y, 



2m, 

7 «=3 

I odd 

2s \ 2 ^ 2 2m-l 2 2m-2+i , ( 2s \ v 2m + l 
2m - 1 ) 2^ 4 6 r + Urn + 1 ^ 4 6 

7 1=2 v 7 1=1 



m 2m-\-£ 



even t even 



< 



2s \ 2m - 1 / 2s \ to / 2s \ 2to + 1 2 
2to - 1 ) 36 + Urn J T + Uto + 1 ) 4 ' 



(3r 2 )" 
1-r 2 



Since C" ght [fc] = ( r ^) , we are reduced to prove inequality (|D2.8|) in Appendix D. We 
conclude as in the free group case, by implementing (a), (5) and (e) in a computer 
to fix the terms in {J 2 <m<i4 P & t m (s). All these terms verify the test. □ 

2.3. Finite cyclic groups. Although our combinatorial method could be used in 
the non-Markovian setting (see below), this is not the case of the extrapolation 
result in Appendix A. Therefore, it will be useful to know whether the word length 
for Z„ is conditionally negative, since we could not find it in the literature. Our 
argument in Appendix B could be of independent interest. It is easily checked that 
finite cyclic groups satisfy 

N k <2, g(Z n ,\-\,r)<-^— and q(Z n , \ ■ |) = 2. 

1 — r 

2.3.1. Admissible lengths. Let us write 

Z n = {e,g,g 2 ,...,g n - 1 }, 

so that any element in Z„ has the form g ±e with < £ < [§J • Given g\, . . . ,g u £ Z„ 
with gj = g £jlj (ej = ±1 and < £ j < [f J), we have 51(72 ■ •• <?« = e if and only if 
n I Ylj £ j^j- Given £ — {l\,li, . . . , £ u ), we will write in what follows n\£ whenever 
there exists a family of signs e = (ei, £2, . . . , e u ) such that n divides J2j £ j^j- This 
motivates the following definition of admissible lengths 

u 

Adm„(n) = {£ £ L(u) : [f J > 4 > •• • > in > 1, 4 < X]^> "l^}" 
We will also implicitly use the following consequences of our definition 
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• If n is even and I € Adm„(n), then \i\ is even. 

• If n is odd, £ <G Adm u (n) and \£\ < n, then \£\ is even. 

2.3.2. Estimates for s 3 (r). Our estimates for the sum s 3 (r) usually require some 
information on the structure of the metric space (G,ip). This is also the case 
for finite cyclic groups with the word length, which require a different approach 
compared to our estimates for free and triangular groups. By Markovianity, / is 
assumed to have symmetric positive Fourier coefficients. In particular, since Nk < 2 
we set 

a k = f( 9 k ) = f(g- k ) > for 0<fc<[|j. 

Therefore, the a^'s are described for < k < [§J by the formula 

LfJ-i 
afe = 4,oao + 2 ( E 5 >*,J a f) + 2<5 "° dd 4,LfjaLfJ- 

Proposition 2.6. We have 

f(e)s 3 (r) < E M(Q$aoa tl + \at 2 ai 3 )r n 

LfJ>4>^2>^3>! 

£i+£ 2 +t3=n 

If]>£i>e 2 >e3>i 
ii=e 2 +e 3 

Proof. If we consider the sets 

V 3 (n) = {d=(d 1 ,d 2 ,d 3 )eZ 3 : LfJ >\di\>\d 2 \>\d 3 \>l, n\ (di + d 2 + rf 3 )}, 

then we may write the sums s 3 (r) as follows 

f(e)s 3 (r) = E f( e )f[f(9,)r M 

gi9293=e j—i 

3 

= e M ^«oII^/ KI 

d£D 3 (n) j=l 



< \ E ^Wd+^i^iH- 1 



2 . 

deD 3 (n) *" 

Case 1. If n is odd, we decompose D3(n) into the disjoint union 

3 

[JD 3 (n,k) with D 3 (n,k) = UeD 3 (n) : \{j s.t. dj<0}\=k\. 

fe=0 

Then, it is clear that T) 3 (n,k) = — T) 3 (n, 3 — k) for all < k < 3. On the other 
hand, since the terms 7(d) are invariant with respect to change of sign d M> — d, we 
deduce the following estimate 

f(e)s 3 (r) < E 7(d) + E ^(d). 

deD 3 (n,0) deD 3 (ra,l) 
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If d € D 3 (n, 0), we have < dj < ^ and n\ £\- dj, so that d\ + (i2 + <i 3 = n. On 
the other hand, if d e D 3 (n, 1) we have < |d,| < J and only one of the rfj's 
is negative. This implies |5Z,-dj| < n, so that the divisibility condition n \ Y]- dj 
forces J2jdj = 0. Now, since |di| > (c^l > |<fe| we must have |di| = 1^1 + \ds\ 
which implies |d| = 2|di|. Altogether, we get 

7(e)s 3 (r) < J2 M(£)(a 2 al+alal)r n 

[%]>ii>e 2 >e 3 >i 

ti+l 2 +t 3 =n 

+ J2 M(l)(alal+alal)r 2i K 

LfJ>£l>£ 2 >^3>l 

To be rigorous, we should write M{-h,l 2 ,h) instead of M{£) = M(£i,£2,h) in 
the second sum. Nevertheless, since £\ = £2 + £3 and the latter are positive we 
obtain £\ > max{4, ^3} and M(— ^1,^2,^3) = M(£). On the other hand, since n is 
odd and ^ > 1 we have 2aj. = ctj for j = 1,2,3 and the assertion follows. 

Case 2. If n is even, we first distinguish those products 315253 = e with |<?j| = 7^ 
for some j. Observe that this can only occur for one j. Since there is just one 
element in Z„ of length ^, this means we should replace the set D 3 (n) above by 

Dj(n)UDj(n) with 

D' 3 (n) = {(%,d 2l d 3 )eZ 3 : § > |d 2 | > |d 3 | > 1, n|(§ + rf 2 + rf 3 )}, 

D 3 » = {(rfi,d2,d 3 )eZ 3 : f >|d 1 |>|d 2 |>M 3 |>l, nKdi+da+ds)}. 
Arguing as above, this gives 



7(e)* 3 (r) < \ £ M(d)(oga| +0^,0^1)^ 

deD^(n) 

1 ]T M(d)(a^ l| +af d2| af d3| )r^ =: S' + S" 



2 

To estimate the sum S' we split D 3 (n) = D 3 (n, +) U D 3 (n, — ) which recollect those 
(l|, cfo, cfe) € D 3 (n) with g?2, <i 3 both positive/negative respectively. Note that it can 
not happen that sgn^) ^ sgn(d 3 ). Arguing again as above we get 

S'< J2 M(£)(±a a2± + ±a e2 a e3 )r n + ^ M{£)(\a Q a % + \a t2 a t3 )r n 

§>i2>e S >l f>^2>^3>! 

§+(2+i 3 =U %=i 2 +£ 3 

where we have used crucially that \dj\ < ^ [j = 1,2) for elements in D 3 (n). On 
the other hand, since the same property holds for j = 1,2,3 in D 3 (n), we still have 
20|j.i = 0!|d.| and the argument for the odd case yields 



J2 M(£)(±a a ei + \at 2 a e3 )r n 

\>i 2 >i 3 >i 

t 2 +h=n 

J2 M(£)(±a a ei + \a e2 a l3 )r 2e \ 

\>i 2 >i 3 >i 
=£ 2 +t 3 

Summing our estimates for the sums S' and S" we obtain the assertion. □ 



Lf i>£!>e 2 >e 3 >i 

£i+e 2 +£ 3 =n 



[%]>ii>i 2 >i 3 >i 
£i=£ 2 +e 3 
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2.3.3. Numerical estimates for Z„ . If we keep the notation introduced in Paragraph 
12.1.31 then ()2.2p still holds true and we will see again that the super-pathological 
sums do not affect the regular terms. We collect below the formulas for the left 
coefficients. We refer to Appendix C for the details of the proofs. The critical 
function for Z n with the word length is given by the graph 



o 



i 



2 3 4 5 6 

The critical function n q CL ni | - |,m) 

(a) Coefficients for u — 2, 3. If n > 6, we find 



21. 



oi) «[(fc,0)](r) =r 



«H) C l °£[(ki,k 2 ,0)}(r) = 



aiii) C^ 3 [(fc 1; fc 2 ,0)](r) = 



3^.4 
2 
^6 



/■■ if(fel,fe 2 ) = (l,l), 



3„,8 



3r 6 if (fc x ,fc 2 ) = (2,1), 
3r 8 if(fc 1) fc 2 ) = (3,l). 

ir 6 if (fci,fc 2 ) = (2,2) and n = 6, 
|r 7 if (fei,fe 2 ) = (2,2) andn = 7, 

if (fci,fc 2 ) = (2,2) andn> 8. 



aiv) When k\ + A; 2 > 5, we obtain 



C?aPi' fe 2,0)](r) 



s(s-l) 



av) When 1 < fc < |_§ J , we obtain 


^ s [(A,0)](r) = { |r 4 



M(Ai,fej,0)r 



if fc = 1, 

if k = 2, 



fci+fc 2 +2 



3(fc+l)r 2fc if 3 < fc < LfJ. 
(/3) Coefficients for A-regular terms. No A-regular terms since g(Z„, | • |) = 2. 

(7) Coefficients for A-regular terms. If fc e Reg(s), we use A-estimates. Given 
s > 2 and < r < 1, we may rewrite estimates 71), -yii) and 7iii) for the free group 
replacing the sum G(G, ip, r) — 2nr/(l— (2n— l)r) there by our estimate 2r/(l — r). 

(5) Coefficients for pathological terms. The coefficients C'' c ^ t j p [fc] (r) follow 
from the formulas in Paragraph 12.1.31 for F n deduced from the A-estimates, with 
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Nk < 2 in the present case. Again, the iVfc's are not increasing (a property which 
is applied in the proof, see Appendix C) but our upper bound Nk < 2 is monotone 
and this suffices. 

(e) Coefficients for super-pathological terms. As usual, computer assistance 
allows us to identify the super-pathological terms. These are of the form (1, 1,0) 
adding at the end as many zeros as needed to form s-tuples. The exceptional sets 
B u are given by 

B 4 = {(1,1, 1,1), (3, 1,1,1)}. 
We have B u = otherwise. Given < r < 1, we find 

ei) s 4 [(l I l,l,l)](r) = |r 4 af. 
rii) s 4 [(3, 1, 1, l)j(r) < r 6 (a\ + aia 3 ) for n > 7, 
riii) s 4 [(3, 1, 1, l)](r) < r 6 (aj + 2«ia 3 ) for n = 6. 

Remark 2.7. Note that k € ^(s) for the Ofc's in the right hand side of the 
estimates above. In particular, regularity means |/c| > 2 + /i g (Z„, | • |,2) = 5. Since 
|fc| < 4 for the o^'s appearing above, the super-pathological sums do not affect the 
regular terms k € Reg(s) . It implies that for regular terms we have C l ° l ^ s [7c] (r) = 0. 

2.3.4. Proof of Theorem A3. Again, the goal is to show 

<jA(2m+l) . . 

Cf%}(r) = J2 (j Cl SM(r) < Cf h %] = M(k). 

M=2V(2m-l) ^ ' 

The regular case k e Reg m (s). By Remark 12.71 we will only need (a) and (7) 
to fix the regular case. When m = 1 and k = (k,0) £ Reg 1 (s) = L\(s) we need 
to prove the inequalities (|D3.1j) - (|D3.2|) in Appendix D. As usual, the case k = 1 is 
trivial. When to = 2, we have k = (ki,k 2 ,0) & Reg 2 (s) if \k\ > 2+/j, q (Z n , |-|,2) = 5 
and we use aiv), 7i) and -yiii) . The inequality is (ID3.3[) in Appendix D. When 
3 < m < s and k G Reg TO (s), we reduce the desired inequality to (JD3.4I) in Appendix 
D by means of 7i), -yii) and Tiii). 

The pathological case k E Pat m (s). We proceed as for F2. We first fix by 
hand the terms of the form k = (1, 1, . . . , 1,0) e Pat m (s) for to > 7, then we use 
computer assistance to treat the finitely many remaining cases. According to our 
definition of admissible lengths Adm u (n) in Z„, we may define the corresponding 
sets A' 2m (n)[^, A2 m {n)[k\ and A' 2m+2 (n) [fc] for the (^)-estimates accordingly. The 
description of these sets depends on the parity of n. We include for clarity the 
concrete form of these sets below 

• If max{7, ■§} < to, < s 

A' 2m (n)[k] = {(£, 1, 1, . . ., 1,0) : 2 < £ < 2m- 2} C Adm^ m (n), 

A 2m (n)[k] = {(£, 1, 1, . . . , 1, 1) : 1 < t < 2to - 1} C Adm 2m (n), 

A' 2m+2 (n)[fc] = {(£ ! l,l,...,l ) 0) : 2<£<2to} C Adm 2m+2 (n). 

• If 7 < to < § 

4bn(n)\M = [V, 1, 1,-- • ,1,0) : 2 < { < 2m- 2, I even} C Adm 2m (n), 
A 2m (n)[k] = {(£, 1, 1, . . . , 1, 1) : 1 < £ < 2m - 1, £ odd} c Adm 2m (n), 



HYPERCONTRACTIVITY IN GROUP VON NEUMANN ALGEBRAS 



41 



A m+ 2(n)[k] = {(£, 1,1,. ..,1,0) : 2 < I < 2m, £ even} C Adm 2m+2 (n). 



Namely, if max{7, |} < m < s we just need to justify why we have excluded the 
case £ = 1 from A 2m (n)[fc] and A' 2m+2 {n) [k\ . Indeed, recall that \£\ is odd in this 
case. If n is even, this breaks the parity condition \£\ € 2Z. If n is odd, our 
assumption q < n implies crucially that \£\ < n. Since \£\ is odd, £ can not belong 
to Adm' 2m (n) as we noticed in Paragraph l2.3.1l Using (S), this yields for < r < 1 



cf'ikKr) 



) . 2m-l 



< 



2s 

2771 - 1 

2s 

2777- 1 



2777/ 2 

2m- 1 



1G 

2777- 1 

16 



2m-2 

(2r 2 ) m V r e - 2 



£=2 



/ 2s \ 2;// 
V2777+ 1, 



-(2r 2 ) r 



2?» 



£=2 



/ 2s\m 
v 2mjy 



2s 
2m + 1 



2m + 1 



2Vri 



(2r 2 ) 
1-r 



Since C^« ht [ 



( s ) , we are reduced to prove inequality (JD3.5I) in Appendix D. In 
the second case 7 < m < |, the novelty comes from the parity condition \£\ € 2Z 
for the admissible lengths £ appearing in A 2m (n)[fc], A' 2m {n)[k\ and A 2m+2 {n)[k\ 
above. As explained in Paragraph s. 3. 11 this is always the case when n is even. If 
7i is odd we additionally need that \£\ < n. Note however that in this situation we 
have 

\£\ <£ + 2m < Am < 2s = q < n. 
Using (8), this yields for < r < 1 



CflAKr) = 



2s 

2777- 1 



v 2m- 1 

ls )™(2r 2 ) m y r 1 - 1 

2m) 2 K ' ^ 

l odd 



2m-2 

(2r 2 r Yl /_2 

1=2 
£ even 



2m- 1 
16 



( " 

\2m + 1 



2m + 1 



(2r 2 )' 



2?» 



1=2 
£ even 



< 



2s 
2m- 1 



2m- 1 
16 



2s \ 777 

2m/ Y 



2s 
2m + 1 



2m + 1 



2\m 



(2r 2 ) 
1-r 2 



Since C" ght [fc] = ( s ) , we are reduced to prove an inequality which is clearly weaker 
than (|D3.5|) in Appendix D. We conclude as in the free group case, by implementing 
(a), (S) and (e) in a computer to fix the terms in U2<m<6 P a tm(s). All these terms 
verify the test. □ 

2.4. Comments. We finish this section with some general comments: 



2.4.1. O77 the growth condition. As explained before, the gap 4 < q < q(G,ip) 
between 4 and the critical index usually requires different and sometimes ad hoc 
estimates to complete the argument. It is worth mentioning that R(G,ijj) = 1 for 
pairs (G, ip) of polynomial — or even subexponential — growth, so that <z(G, ip) = 2 
for this class of groups/lengths and we find no gap. 
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2.4.2. On the cancellation condition. Any (G,^>) satisfying our growth condition 
attains its spectral gap. That is, the set of elements g € G with tp(g) = a is 
nonempty. Given m > 3, an m-loop associated to the pair (G, ip) is any relation of 
the form 3132 ■ ■ ■ fjm — e with ip(gj) = °- The relations g 2 = e are not considered 
loops, so that 3-loops are the smallest possible ones. Let us first show that the 
presence of 3-loops in (G, ip) yields nonstandard optimal hypercontractivity bounds. 
Namely, recall that we set T(p,q,a) for the "expected" optimal time ^l°g(^ri) 
and t pq = t Piq (G,ip) for the optimal time. We always have t p „ > T(p,q,o~). Then 
the following result holds when (G, ip) admits 3-loops 

(2.3) t M = T{p, q, a) => (p - l)i (q - 2) < (q - l) 3 / 2 (p - 2). 

This implies i P:9 > T(p, q, a) in the presence of 3-loops for p < 2 and q > p, it also 
yields nonstandard optimal times for 2 < p < 4 and small values of q > p. The 
proof is not difficult. Indeed, take (71,32, 33 with ip(gj) — a such that 3132.93 = e. 
Define A = J2j=i H9j) + H97 1 )- Note that we do not assume 3., 7^ gj 1 or gj ^ g^ 
(J ¥" k) so that there might be repetitions in the sum defining A. Let us set 
t = T{p, q, a) and define / = 1 + eA so that S^.tf = 1 + spA with /i = exp(-ta) = 
v/(p— l)/(q— 1). Since A is self-adjoint and both / and S^^f live in the unital 
*-algebra generated by A, we may assume in what follows that G is abelian since 
all our calculations will be made in this commutative algebra. In particular we may 
approximate \S^.tf\ q by its Taylor expansion up to degree 2 



\S^ t f\ q - (l + 2eM + eVA 2 ) 5 

~ 1 + eq^A + e 2 p 2 ^-^A 2 + £ 3 p 3 ^-^A 3 + £ y «!_^A 4 . 
2 2 8 

Using the same formula, t(A) = and another Taylor expansion of order 1, we get 



_2?(P- 1 )_/ A 2a , ,3 9(^-2) 3 A q(p-2) 



(riff)" - l + e^-^^riA^+s^-^^riA^ + e^-^^riA-). 
Assume now that t p _ q — T(p, q, <r), then we must have 



lim 



?-H^,t/||S q 



lip 



(p-2)-(^-j) l (g-2)]r(A 3 )>0 



>o e 3 2 

The presence of the loop 313233 = e easily implies t(A 3 ) > and the result follows. 

The simplest pair (G, ip) admitting a 3-loop is Z3 with the word length. Optimal 
logarithmic Sobolev inequalities and related estimates were obtained by Andersson 
and Diaconis/Saloff-Coste [U [15]. Unfortunately, Gross equivalence between log 
Sobolev estimates and hypercontractivity does not give optimal hypercontractivity 
bounds for Z3, which are still open. 

On the other hand, in this paper we avoid small loops. As explained in the 
Introduction and illustrated for triangular groups above, only our estimate for the 
sum S3(r) requires this additional assumption. Observe that our estimate of 33(7-) 
for A a py can be trivially extended to any other pair (G,ip) not admitting small 
enough loops, we just need to use the decay properties of S^. On the other hand, 
as it was illustrated for finite cyclic groups, we may not include a parity condition 
for admissible lengths in the presence of odd loops. As in that case, this imposes a 
restriction on the set of q € 2Z + which we can consider. Namely, using that we have 
H q (G, ip, m) > 1 for all m > 2 and q large, we conclude that k = (1,1,. ..,1,0) € 
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Pat m (s) for all m. In presence of an odd loop of size 2m 4- 1, we may consider 
£ = (1,1,..., 1) € Adm.2 m +i. Completing squares, it is clear that S2m+i[i\(r) 
necessarily has a non-zero contribution to the term ctk for fc = (1,1,..., 1,0) £ 
Pat m (s) with a coefficient c(to) ■ r 2m+1 . This means for r = l/\/2s — 1 that 

. , . > — r^r r— rr- = t{m,s) 

c T g isht m - (a) (2 S -i)^ i 

and it is easily checked that /(to, s) behaves as -y/s for m fixed and s —¥ oo. 

2.4.3. Beyond conditionally negative lengths. According to Schoenberg's theorem 
(<5-i/>.*)t>o is Markovian iff the length ip is conditionally negative. This property 
is crucial in Appendix A to adapt Gross extrapolation method to our setting and 
extend our optimal time Li — ► L q estimates for q e 2Z + to other more general 
indices 1 < p < q < oo. On the contrary, our combinatorial method for q even 
seems unaffected if we remove this assumption. Indeed, we have only used it to 
reduce the problem to positive / and subsequently to / with symmetric positive 
Fourier coefficients. It is however relatively simple to adapt our arguments to a 
general / <E L 2 (£(G)). Indeed, we clearly have 

HWHS < E ft l/W-i)l l/Mr^-H^). 

This means that we should invert the gj's labelled by an odd j, which of course 
affects our expressions for the sums s u (r). Nevertheless, a careful reading of Sec- 
tion [T] will convince the reader that adapting our arguments to this more general 
framework only requires to introduce a little more complicated terminology to keep 
track of the powers of the gj's. Since we have not included an illustration of our 
method in the non-Markovian setting, we have decided to avoid this more general 
formulation for clarity in the exposition. 

2.4.4. Hypercontractivity in W^. Theorem Al does not give any result for F^ since 
q(n) —¥ oo with n. However, we may provide optimal hypercontractivity bounds 
in Fqo with respect to a weighted form of the word length. More precisely, let 
ci,C2, . . . denote the free generators of Foo, consider a sequence m = (mk)k>i of 
positive integers and define the length 

oo 

(2.4) im<£<& • • • 4 € ) = E( 2m * + !) E i s «i 

v k— 1 n:j n —k 



for w written in reduced form. It can be checked that ip m is conditionally negative 
for any choice of mu £ R+. Indeed, it follows easily adapting Haagerup's original 
argument in |19j . Note that we recover the word length when mu — for all k > 1 . 
Optimal hypercontractivity follows when m is strictly increasing < TOi < mi < . . . 
Namely, consider the injective homomorphism J m : Cj G F^ >->• b~ mj ab m :> e ¥2 
where a, b denote the free generators of F2. This map clearly leads to an isometry 
L p (£(Foo)) — >• L P (C(¥2)) for all p > 1, still denoted by J m . On the other hand, we 
have j J m (w)\ < ^m{w) for any w e Foo. Hence, if / € L2(£(Woo)) and Vt denotes 
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the free Poisson semigroup in £(F2), Theorem Al i) implies 

ii^ m)t /ikoc( Foo )) = ( yi e- 2t ^ iw) \fH\ 2 y 

< ( J2 e- 2 'l J »MI|/H| 2 

= ||^'i(^m(/))||L 2 (£(F 2 )) < ||^m(/)|U p (£(F 2 )) = || /|| L P (£(F 00 )) 

for those 1 < p < 2 whose conjugate index is in 2Z + and t > — i \og(p — 1). In 
conclusion, we get optimal hypercontractive L 2 - ► L q estimates for the Poisson-like 
semigroup associated to (Foo, ipm) and q an even integer. As usual, for other values 
of (p, q) we find an additional log 3 in our bounds. 

2.4.5. Asymmetric square completions. As mentioned in Paragraph ll.7l the critical 
function we would obtain by using A-estimates is not uniformly bounded, which 
explains the necessity of A-estimates to treat the regular terms. Let us justify this 
claim in F n , by showing that if jl q {m) denotes the critical function for (F„, | • |) 
obtained from A-estimates, then we get /ig(§) — > 00 as q tends to infinity. Indeed, 
by using Proposition II .91 i) and estimating as we do in the proof of (/3), we get for 
k G L s (s) and < r < -^zi 

(2sV / 2nr \s-l r IAI+l 

g ' s " L - JW s\ v -'\l- (2n-l)r) 1-r 

Then, for |A:| > s + /ig(f) we should find 

CffM r ) ^ C ^Mr) < q isht [fc] = M(k) 
for < r < , 1 , . This means that 

V2s — 1 

Mo(s) > ; rlog ^-(-== ■ -s=:X(s). 

Stirling's formula gives that X(s) — > 00 as s — > 00. This justifies our claim. 

3. Poisson-like lengths 

In this section we prove the hypercontractivity inequality in Theorem B for 
Poisson-like lengths and give some bounds for the constant (3(G, ip). We also prove 
Theorem C and give examples of Poisson-like lengths for which Theorems B and C 
produce new estimates. Let us first adapt the notation used so far to the present 
context. Given G discrete equipped with a Poisson-like length ip : G — > K+, we 
know from the exponential growth condition that there must exists a sequence 
= no < rii < 77,2 < • • • such that ip(G) — {rik : k > 0}. Also, the spectral gap 
must be attained, so that we have a — n%. Let us write W nk = {g € G : ip{d) = n k} 
and N nk = \W nk \. Enumerate W nk by w nk (l),w nk (2), . . . , w nk (N„ k ). Then we set 
for any / e L 2 (C(G)) 



a a = l/(e)| and a„ k (i) = \f(w nk {i))\ for 1 < i < N nk . 



2 



Given k > 1, we define «o = l/( e )| 2 = a a an d a„ k = >J l/(ff)| 2 = /J a n k (i 

gew n . i=i 
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3.1. Proof of Theorem B. By interpolation and using Gross' argument recalled 
in Appendix A, it suffices to consider the case (p, q) = (2,4). More precisely, if we 
set r = e~* and %j,, r = S^ tt accordingly, we need to find some < TZq.^ < 3 _1 / 2cr 
such that 

(3.1) ||7^,./||4 < ||/|| 2 for any / e L 2 (£(G)) and < r < TL Q ^. 

In fact, we just need to prove it for / > but we will prove this particular estimate 
for arbitrary / without assuming conditional negativity (which is only required 
to apply Gross extrapolation argument), which will also serve to prove the last 
assertion of Theorem B. Once this estimate is known, we may deduce the required 
result with a factor log 3. More precisely, if we have 

TZ G4 , = (-j=) ' for some 7 (G, V) > 1 =*• /3(G, if>) = lo g 3 7 (G, V). 
In order to prove (13. ip . fix / £ L 2 {C(G)) and observe that 

\\.f\\i = (Ei/(-9)i 2 ) 2 = (E a »*) 2 = £< + 2 £<^ a »*- 

gSG fc>0 fc>0 j<k 

On the other hand, the left hand side of (|3.1j) is easily expressed as 

,4 



' ip^rj I 



E /(5l)/(S2)/(<? 3 )/(54)r 



V , (9l)+V'(S2)+j/'(S3)+^(S4) 



9i 92ff 3 S4=e 



E[ E /(5i)7(32)^ (5l)+ ^ 2) ][ E /CaO/fo) 

fi.SG g- 1 g 2= h g- 1 g i = h- 1 



r tl>(93)+i>{gi) 



_• \*_ 



Since </>g(^ _1 ) = <l>G(h), it suffices to prove 

(3.2) £im>oi 2 < E< + 2 E a », a «fc- 

ft,eG fc>o i<fe 

We have (J>g(s) = J2k>o a n k T 2nk , while for /i 7^ e 

, ,, ,, v . ,„ r ^(9)+i>(9h) 

gee 

< E E iMwi^^^ 



l<M/OI = £/(s)JW-' 



^>0 9 6W„ 4 

^ E E E M*iK„fe)rf^ 

n,,£X(^(k),l) * T<5W 



E 

<5eA(ft.) 
where X(ip(h),£) =ip(G)n [\ip(h) - ni\,i/)(h) + m] and 

A(h) = {(l,?,h,i 2 ) : l>0,f>0,n f a(#) ) 4 (ii,i 2 )e^W}, 



Hi 
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Y$(h) 



{(ii,h) € {l,...,iV„J x {l,...,N nt ,} : w m {ix) 1 w ntl {k) = h\. 



for h 7^ e. Here we have used that \tp(h) — ip(g)\ < ip(gh) < ip(h) + ip(g), which 
follows from the subadditivity of ip. Observe also that the set X(i/>(h),£) is finite 
by the exponential growth property. We now estimate the left hand side of Q3.2p 
as follows 



(3.3)|te(e)| 2 +X;ite(fc)l S 



< 



< 



E a * 

fc>0 

E a *-< 

fe>0 



2_j X is{h)^5,{h)vs{h,r)vs'{h,r) 

hjteS,S'£A(h) 



„2n t 



fe>0 



E E ^(7*w a +7«'W>*(Mi*,(M 

hjt e S,S'&A(h) 

E[ E 7sWVM][ e ^m • 



/i^e <SeA(/i) <5eA(h) 

Our argument in the sequel rests on the following claim for < r < p~? 

2- pr 2 - 



(3.4) ^ ^(/j,r) < * G (^W,r) = tf(pr) lK ' 

<5eA(/i) 



1 + p 



1 — pr 2 



Let us complete the proof before justifying the claim. Given integers < j < k 
with (j,k) 7^ (0,0), fix (mi,u 2 ) satisfying 1 < m < iV n . and 1 < « 2 < ^n fc - Let 
hj,k-u 1 .u 2 = w„ (ui) _1 ui rlfc (u2) and consider the following sets for hj^e 

A[j,k;u 1 ,u 2 }(h) = Id £ A(h) : {w nt (ii), m„ ( , (i 2 )} = {w nj ("i), w rlfc (-u 2 )}|- 
Given ft^e, we note that 

• j s {h) = a n] (ui)a nk (u 2 ) for (5 G A[j,k;u 1 ,u 2 ](h), 

• A[j, fc;M 1 ,w 2 ](/i) =0 for h$ {hj,k; m ,u2>h~l. ultU J, 

• \A[j,k;u 1 ,u 2 ](h hk . UliU2 )\ = | A[j, fc; m, -" 2 ](^ ;tiiU2 )| < 2 , 

• A(h) decomposes as the disjoint union of A[j, k; m, m 2 ](/i)'s. 

We may now continue using Fubini as follows 



X)*G(VW,r)[ E 7«W 2 "«(^r) 



/t#e 5eA(h) 

= X;*G^W,r)[ E E «n 3 («i) 2 a„ fc ( U2 ) 2 r^ + ^ 

Tl^e j<fc l<«i<iV„. 

(j,fc)^(0,0) l<« 2 <A f „fc 

<5eA[j,fc;Mi,M 2 ](h) 

^ 4 E E *G(V'(%fe; Ul , U2 ),0 a « J ("l) 2a »,("2) 2 ^ + " fc 

j<fc i<m<AT„. 

(j,k)jt(0,0) l<u 2 <N n [ 
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< 4 V (max V G (ilj(h jM u u u 2 ),r) ) a n] a nk 



j - k Ku 2 <N, 3 



(j,fc)#(0,0) 



£(nj,n fc ,r) 

Recalling that maxfn^ — nj,er} < ip(hj^-u 1 ,u2) < n j + "fc an d the function ^q is 
decreasing in the first variable when pr < 1 and increasing when pr > 1, we obtain 
the following estimate 

E /_. m r N < (*q(»j+»*.') ifpr>l, 

[min{* G (o-, r),WG(nfc - rij,r)\ if pr < 1. 

Moreover, it follows from (|3.3[) and claim p. 41) that 



E>gWI 2 < a 2 , + E ( r 4 "" + 4S(n fc ,n fc ,r)r 2 "^ )a r 2 



„2n fc \ 2 

_, n k 

heG k>\ 



+ 2 £ ( r 2 K^)+2S( nj , nt ,r)r''' +Bt j a njttBt . 

Therefore, inequality (|3.2[) reduces to (|3.4p and the upper bound 

(3.5) max] sup A nk (r), sup B n . nk (r)\ < 1 for < r < TZ G .^ < p~? 

*• fc>l j<k > 

Let us finally prove Q3.4p and p.5p . To prove (|3.4p we first observe that 

e ir/wi=i^i=iv n ^ x: 4^ =i - 

n t ,eX{il>{h),l) n e ,eX(ii(h),i) 

Then we write 

8eA(h) 

= E E I^WK^' 



^>0 £'>o 

- Ev< E 



£>0 £'>0 

n e ,ex(4>(h),e) 



\ym\_ rnt , 



< ^7V n ^max{r"<' : r* G X{^{h),t)} = ^ JV„ 



n e + \ip(h)-n e \ 



£>0 £>0 £>0 

n e <ip(h) n t >ip(h) »/> WOJ+1 

* ■ » ' n f <LVO)J+l v v ' 

(a) > . ' (c) 

(b) 

To estimate these terms we use the exponential growth assumption 

(a) = r*(")|{seG : ^(g) < ^(h)}\ < C(pr)^ h \ 



18 
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(b) = r^W 



Y r 2 ^) < Cp(pr)^ h \ 



SSG 
■4>{h)<il>(g)<\_il>{h)\+l 



(c) 



-P(h) 



E E E ^ 

j>LV'('i)J+l k>Q gGG 

J<»ifc<i+1 <p(g)=n k 



r 2n k 



< r 



-Tjj(h) 






j>WP»)J+l 



for < r < /?~2. This justifies our claim (|3.4[) . To prove (|3.5p we will need to 
distinguish two cases according to the value of pr. Namely, when pr > 1 we know 
that £(n,-,nfc,r) < * G (^+n fc ,r) and T,(n 3 ,n k ,r) < mm{^ G (a,r), ^ G (n k -nj, r)} 
otherwise. This means that 



• If pr > f , we find 

A nk (r) = r 4n *+4c[l + p 

B nj ,n k (r) = r 2 ^+ n ^+2C 

• If pr < 1 , we find 



2-pr 2 



1 — pr 2 



(pr 



2\2n fc 



1+P 



2-pr 2 



1 — pr 2 



(pr 2 ) 



2\nj+n k 



A nk (r) < r 4n «+4C 



l + p 



2-pr 2 



1 — pr 2 



(pr) a r 



<jJ2n k 



B nj .n k (r) < r 2 ^ +n »>+2C 



1 + P 



2-pr 2 



1 — pr 2 



(pr) r 



Using n fe > n± = a and pr 2 < 1, we obtain in both cases 



sup A nk (r) < r 4a + AC 
fc>i 



1 + P 



2-pr 2 



1 — pr 2 



(pr 2 ) 2 - =: A a (r), 



supB nj>nh (r) < r 2 ° +2C 
j<k 



l + p 



2-pr 2 



1 — pr 2 



(pr 



2\a 



BJr). 



In conclusion, we always have the estimate 

maxisup A nk (r), sup B nj jnfc (r) i < max {^(r^-B^r)} -> as r ->• 0. 
*■ fc>i j<fc J 

This means we can always find < 72-g,^ < P -1 ^ 2 such that inequality (13.5[) holds. 
Therefore, the assertion follows by taking /3(G,ip) = —2a\og(lZG^). D 



3.2. Behavior of the constant f3(G,ip). As we explained in the Introduction, 
the expected optimal time is ■£- \og(q — l/p — 1) for many Poisson-like lengths. 
It is clear from our argument that the constant ^(G,^) that we get might be 
far from the expected optimal value 1. It is however interesting to study how 
this constant depends on p, the exponential growth order of the pair (G,tp). For 
instance, given a discrete group G finitely generated by S C G, we always have 
iVfc(S) < 2|S|(2|S| - l) fc_1 for the number N k (S) of elements in G with word length 
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1<) 



k with respect to the alphabet S. This gives a rough bound 



\{geG : il>(g)<R}\ < 1 



2|S| y. 

2|S|-l£j 



(2|S|-1)* 



< 



1 



(2|S| - 1) R =: Cp 1 



which is more and more accurate for groups with fewer relations. In particular, it 
is interesting to know the behavior of the constant /3(G, ip) for C fixed and p large. 

Corollary 3.1. Assume that ip is Poisson-like with 

\{geG : i>{g)<R}\ < Cp R , 

Then, the following estimates hold for p large compared to C : 

i) j3(G,ip) < i]log(p) for any 77 > 1 + a . 
ii) Ifip:G^ 1+ and N k = \{g e G : ip(g) = k}\ < C p k , then 

0{G, tp) < ?ylog(p) for any n > 1. 
Proof. The first assertion is equivalent to prove (|3.5[) for 

/ 1 x/3(G,-0)/ CT lo g 3 



Tic 



P 



-r)/2cr 



and p large. In other words, we need to satisfy the inequalities 

• pr 2 = p 1 -^/" < 1, 



A a (r) =r ia +4C 



B a {r) = 



2C 



P 2 -rK 

r \—pr A 
2-pr 2 



{pr 2 ) 2a < 1, 
(pr 2 )" 7 < 1. 



If p is large enough, it suffices to have n > max{ cr, a +i,er + l} = 1 + a. This 
completes the proof of i) . To prove the second assertion we notice that in that case 
a = 1. Moreover, in the proof of Theorem B we may replace (13.41) by 

C QP r 2 



Y^ v s(h,r) < (a) + (b) + (c) < $ G (^(/i),r) 

SeA(h) 



C 



1 



pr' 



{pr) 



4>{h\ 



for < r < p-i. Indeed, we still have (a) < C(pr)^ h \ (b) = and 

C pr 2 (pr)^ 



(c) = J2 N e r 2e ~^ < r -i>W J2 C (pr 2 ) e = 



e>ip(h)+i 



t>ip(h) + l 



1 — pr 2 



Using this new estimate with $g instead of ^g, we may proceed as in the proof of 
Theorem B to obtain a proof of (|3.5p which ultimately only requires the condition 
pr 2 < 1 . If p is large enough this follows from 77 > a = 1 as desired. □ 

Remark 3.2. Of course, Theorem B also applies for Poisson-like lengths with 
polynomial growth. However, our constants could be improved by giving a finer 
estimate of the sum X}<seAfM v &Q l T r )- A quick look at our proof shows that the 
estimates for terms (a) and (b) can be easily adapted. Only the term (c) requires 
precise bounds for truncated power series with polynomial coefficients. 
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3.3. Examples of Poisson-like lengths. Compared to the method used to prove 
Theorems A1-A3, our new argument for Theorem B is simpler and does not rely 
on computational estimates. Therefore, at the price of a worse constant (analyzed 
above) it applies at once to any Poisson-like length, even those which admit small 
loops. This also holds for Theorem C. Let us provide a few illustrations. 

i) The word length. Perhaps, the most significant application of Theorems 
B and C is that they provide a hypercontractivity/ultracontractivity bound 
for any finitely generated discrete group G equipped with the word length 
| • |s associated to any set S of generators. Indeed, any such length is 
Poisson-like. Namely, it is always subadditive, admits the spectral gap 
(7 = 1 and has (at most) exponential growth p = 2|S| — 1. The conditional 
negativity might fail and lead to a non Markovian semigroup, see iv) below. 
For instance, Theorem B applies to the discrete Heisenberg group whose 
Cayley graph admits small loops. This could be used as in [25] to obtain 
some related estimates on noncommutative tori, but we will recall in v) 
below a much simpler argument for these algebras. 

ii) Finite-dimensional proper cocycles. A natural question is determining 
the class of discrete groups which admit a Poisson-like length. We can 
provide a positive answer for groups admitting a finite-dimensional proper 
cocycle. A cocycle is a triple ("H, a, b) given by a real Hilbert space W, an 
orthogonal representation a : G — > O(H) and a map b : G — > % satisfying 
the cocycle law b(gh) — a g (b(h)) + b(g). It is called finite-dimensional 
when dim'H < oo and proper when {g £ G : ||6(ff)||-H — R} 1S finite for any 
R > 0. Let G be a discrete group admitting a finite-dimensional proper 
cocycle (H,a,b). We claim that 

1>(9) = l!%)ll«+<We 

defines a Poisson-like length. Let us first prove that it is conditionally 
negative. By Schoenberg's theorem, g i-> HKsOIIh defines a conditionally 
negative length. Since conditional negativity is stable under square root 
and sum, we conclude that ip is conditionally negative. On the other hand, 
according to the cocycle law it is easy to see that ij> is subadditive. Moreover, 
the spectral gap condition is ensured by the term 5 g ^ e . Hence, it remains 
to show that ip has (at most) exponential growth. In fact, we will show 
that ijj has polynomial growth. If dimH = n, it suffices to prove that 
|6(G) n B fl (0)| < R n where B H (0) = {£ e U | U\\n < R}- Indeed, using 
the cocycle law we immediately deduce 

\\b{g- 1 h)\\H = \\b(g)-b(h)\\ H . 

In particular, since b is proper we see that 

\{he G : b(h)=b{g)}\ = \{h e G : b(h) = 0}\ < K < oo 

for any g € G, which gives \{g e G : \\b(g)\\ < R}\ < K ■ |6(G) n B fl (0)|. 
On the other hand, B^(0) can be covered by approximately R n translates 
of Bi(0), let us call them Bi(^) for 1 < j < R n . Therefore, it is enough 
to show that |6(G) f~l Bi(£j)| is uniformly bounded in j. However, any two 
points b(g),b(h) in this set satisfy ||6(<7 -1 /i)||-h = \\b(g) — b(h)\\n < 2, which 
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immediately gives 

sup|6(G)nBi(£)| < l + ]6(G)nB 2 (0)| < oo. 

This proves our assertion. Recall that G is called a-T-menable or is said 
to satisfy the Haagerup property when it admits a proper cocycle (not 
necessarily finite-dimensional), see e.g. |11) for more on this property. At 
the time of this writing, we do not know if we may find a Poisson-like length 
for any group satisfying the Haagerup property. Let us note from |12j that 
a-T-menable groups admit conditionally negative lengths with arbitrary 
slow growth, which lead to arbitrary large growth of the group. 

iii) Kazhdan's property (T). The Haagerup property is a strong negation of 
the so-called Kazhdan's property (T), which refers to those groups whose 
conditionally negative length functions are all bounded, see [20] for more 
on this notion. It is clear that infinite groups satisfying Kazhdan's property 
(T) do not admit Poisson-like lengths, since the exponential growth can not 
hold. Therefore, Theorem B does not give hypercontractivity estimates for 
this class of groups. In fact, it can be shown that no hypercontractivity 
bound is possible for any pair (G, tf>) with G an infinite group satisfying 
Kazhdan's property (T) and ip a conditionally negative length. Assume that 
^(sO < K f° r all g € G and that the pair (G, ip) satisfies a hypercontractive 
estimate. Then, arguing via log-Sobolev inequalities as in Appendix A, we 
may find t(p) > for 1 < p < 2 satisfying 

e- tWK ||/|| 2 <||^, t(p) /|| 2 <||/|| p <||/|| 2 

for any / 6 £+(£(G)). This implies that the L p -norm is equivalent to the 
L2-norm for all 1 < p ^ 2 < oo, which contradicts the fact that £(G) is an 
infinite-dimensional algebra. 

iv) Non-Markovian semigroups. If ip is not conditionally negative, the 
semigroup S$t may not be positive preserving. In that case, Theorem B 
may yield interesting L 2 — >• £4 estimates. Note that we can interpolate with 
the (trivial) contraction S^t : L% — >• L 2 . However, Markovianity seems to 
be inherent to Gross extrapolation argument, so we may not produce more 
general hypercontractivity bounds using that method. On the contrary, our 
ultracontractivity estimates in Theorem C hold even in the non-Markovian 
case. Moreover, since the condition ip(g) = ipig' 1 ) implies self-adjointness 
of the semigroup (Sy,t)t>o> we deduce ||<S0,2i||i->-oo < H^tlll-nxr There- 
fore Theorem C gives apparently new estimates for non-Markovian semi- 
groups 



Sip,tf\\oo < 



I + 2 e - t / 4 (^ e - t ^/ 2 ) i ] 2 ||/l 



S#e 



v) Classical and noncommutative tori. As recalled in the Introduction, 
Weissler |45) obtained the optimal time hypercontractivity inequalities for 
the one-dimensional Poisson semigroup in Loo(T) = £(Z). One may think 
of two possible extensions of this result to the n-dimensional case. On the 
one hand, regarding T as the one-dimensional sphere S , we may consider 
the Poisson semigroup on §". Beckner obtained optimal hypercontractivity 
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bounds in this context 6] . The other direction is to consider n-dimensional 
tori Loo(T n ) = £(Z n ). By using Bonami's induction trick for cartesian 
products, Weissler's theorem extends to G = Z™ equipped with the word 
length |fc|i = J2j \kj\- We might also consider the lengths 

for any 1 < u < 2, and the associated Poisson-like semigroups 

5|-U,t/= £ e-*l*l"/(fc)e 2 ^»->. 

fcez™ 

Comparing lengths, it follows directly from Weissler's result for u = 1 that 
5|. Uit : L P (£(Z n )) -> L q (C(Z n )) for i > — ^— log (i-J . 

If « = 2 we obtain the usual Poisson semigroup and hypercontractivity 
estimates with a constant ^/n. It is reasonable to expect optimal estimates 
here, but (to the best of our knowledge) these are still open. Adapting 
Theorem B for polynomial growth lengths could improve this constant, see 
Remark 13.21 On the other hand, if q £ 2Z+ the hypercontractivity Li — > L q 
estimates that we get for Z n are easily transferred to noncommutative tori 
Aq since noncommutativity in the algebraic expressions for the g-norms 
only adds an additional phase to the Fourier coefficients, which disappears 
by unconditionality in Li- Moreover, Gross extrapolation technique also 
applies in this case, so that we obtain hypercontractive inequalities for 
arbitrary indices 1 < p < q < oo. We refer e.g. to [25] for the formal 
definition of these algebras. 

3.4. Ultracontractivity. Given q > 2, the hypercontractivity problem consists in 
finding the optimal time ti A beyond which we obtain L2 — > L q contractions. A 
related problem is to find an absolute constant Co,ip(t) so that 

||«S0,t/IU = sup{||S^t/||, : g>2} < Cg,v(*)II/I|2- 

If such a constant exists for some to > 0, then the semigroup property and the 
contractivity of S^ it : £(G) — > £(G) imply that it also exists for any larger t and 
Cg,V>W is a decreasing function for t > t . According to our lower bound for the 
optimal hypercontractivity time -k- log(g — 1), it is also easy to show that we must 
have Cg,t/j(£) > 1 for all t > and Cg,v>(£) - ► °o as t — >• + . This behavior of the 
semigroup was studied for the first time by Edward B. Davies and Barry Simon 
who called it ultracontractivity, see [131 [T5] . Shortly after and motivated by the 
work of Moser [351 [33] , Varopoulos investigated in [33] the relation between this 
behavior of the semigroup and Sobolev type inequalities associated to infinitesimal 
generators of Markovian semigroups. We also refer to the work of Jolissaint [22) [23] 
in the context of group von Neumann algebras. In our context, ultracontractivity 
for the free Poisson semigroup is a known consequence of Haagerup's inequality for 
homogeneous polynomials [19 

li:fow>IL w _ ) , s < t+i >(i:ifr>r ' 

\g\=k °° l ^ °°" \g\=k 



1 + e- 2 * — 
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Indeed, together with Cauchy-Schwarz inequality we obtain 

(3.6) nn/iu < E e ^( fc+1 )(E \f(9)\ 2 " 

fe>0 \g\=k 

< (Ee--(^i)f ||/|| a = (t^^II/II 

The following result establishes a similar behavior for arbitrary groups/lengths. 
Corollary 3.3. We have 

ll'WHoo < [l + 2e-*/ 2 (E^ 4,A(9) )']ll/ll2, 

/or any discrete group G and any length ip satisfying ip(e) — and ip(g) = i/>(<7 _1 ). 

Proof. Assume first that t/j is an integer-valued Poisson-like length. It suffices to 
show that ||5^,t/|| g < CG,^(t)||/||2 for q & 2Z + arbitrarily large. Decompose / as 
follows 

/ = /i+/ 2 =(/-/(e)l) + (/(e)l). 

Clearly \\S^ tt f2\\q = |/(e)| < ||/|| 2 for any q. We claim that 

(3.7) \\S^h\\ Laa{c{ G)) < 2e- t / 2 (5>- t * (s) )'||/i|U aW G)). 

Since H/1II2 < II/II2 this will prove the assertion for Poisson-like lenghts. The key 
point is that f\ is mean zero, which makes the computations much easier. Namely, 
in the terminology of the combinatorial method in Section [TJ (which is still valid for 
non-integer-valued lengths) we deduce 

7i(e) = =► ||^ )t / 1 ||« = / 1 ( e )« + Ef!)/i(e) 9 -"^(r) = Sg (r). 



,11 

u=l v 



Following the proof of Lemmas 11.41 and 11.71 we get for r = e 



-1 



\\Sip,tfi\\oo = hm s q (r)i < lim ( V" V" Jgvsir) 

k£L 3 (s) 6eA 2s [k} 

by declaring B q — 0. On the other hand, Proposition II . 101 i) for m = s gives 

WS^tfiWoo < Hm ( V T(a,r)r^ +1 MQe)a k )^ 
feei s (s) 

< lim fr(s,r)r s+1 V M(k)a k )~ = lim f T(s, r) r^ 1 ) B ||/i|| s 



tei s (s) 
where 



< 2 »)U„ .,. .v.-i M^ji,)'- 1 



IX.,0 - if «a.*,rr' - if (E 



9#e 

According to Stirling's formula we get 



IS^/illoo <2e" t / 2 (Ee-^ (9) )"ll/i| 



. 2- 

9#e 



54 JUNGE, PALAZUELOS, PARCET AND PERRIN 

This completes the proof for Poisson-like lengths. However, our assumptions only 
impose ip(e) = and ip(g) — ^(ff _1 ) for all g £ G. In this general setting, we need to 
eliminate our prior assumptions which include conditional negativity, subadditivity 
and the existence of a spectral gap with a = 1 since we also imposed ip to be integer 
valued. First, subadditivity was only relevant to define the set of admissible lengths 
which did not play any role in the argument above. Second, we only used a = 1 
when applying Proposition 11.101 but the latter can be easily adapted to the case 
tr/ 1 (even a = 0) just replacing r'-l +1 by r-L Finally, to remove conditional 
negativity we observe that the mean-zero condition of f\ still gives 



\\s*M = t[| £ H^fWMg-'h) 



gJiEG 



< £ ni/^i)!^^- !/^)!' 



-Higij) 



gi92---g q =e j = i 



Therefore, we get an asymmetric form of s q (r) which still can be bounded by 
following the ideas of Lemmas 11.41 and 11.71 and Proposition 11.101 We leave to the 
reader the (easy) task of adapting the arguments there to this case. □ 



Our estimate in Corollary 13.31 is very close to the trivial estimate which arises 
by applying Cauchy-Schwarz inequality. Namely, if we set Nr for the cardinality 
of points in the ^-sphere of radius R then we may trivially obtain the estimate 
ll/lloo < V^fill/lb for any / supported by that ^-sphere. Then, arguing as in (I3.6[) 
we deduce the following estimate 

ll-WIU < ( £ e-^N^Wfh 
fleV(G) 

'£e-"*M) h \\fb < [4 + e- to/2 (£ e -^ (9) )"]||/|| 2 , 

<?SG " g<£N 

where a = inf^/ ff w V'Cfl') is the spectral gap after removing zero-length elements. 
A quick comparison between both estimates shows that Corollary 13.31 only gives 
substantially new information when there exits a large concentration around 0. 
This means that our estimates are better when N > 1 or <j < 1. 

Appendix 

A. Logarithmic Sobolev inequalities. In this appendix we shall adapt Gross 
extrapolation technique [161 117) to obtain general hypercontractivity inequalities in 
group von Neumann algebras from Li —> L4 ones. Given a conditionally negative 
length ip : G — >• M+, consider the associated Markov semigroup S^ t t and assume 
that we know S^j '■ L2(£(G)) — > L4,(C(G)) for any t greater than or equal to the 
expected optimal time j-log3. The starting point is to use Stein's interpolation 
method [H|. Namely, define 

-W = E e-« l -^ +zt ^^f(g)\(g) with (h,2,h A ) = (0, £ log 3). 

9£G 

A straightforward application of Stein's interpolation gives 
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• ||^,t/|| g (t) < ll/lh for q(t) = il^ and < t < ± log 3, 

• ||-W||a < U/IU) for P(t) = iS+lt and < t < ^log3. 
Moreover, according to the last inequality above, we deduce that 

^(0)>0 for *(*) = ||/||£ (t) - 115^/Hl. 

Indeed, it is a positive smooth function vanishing at 0. Let us write A^ to denote 
the infinitesimal generator of <Si/>,*. Then, differentiating $ at time produces the 
following inequality, known as logarithmic Sobolev inequality 

(A.l) r(|/| 2 log|/| 2 ) - ||/||ilog||/||| < 21og3(/,^/>. 

The next result that we need is the analog of Gross inequality for the generator 
A^>. This follows from the Lp-regularity of the associated Dirichlet form, which in 
turn was proved by Olkiewicz and Zegarlinski in the tracial case in [35| Theorem 
5.5]. Namely, given / > and 1 < p < oo, it follows that 

(A.2) (f p/2 ,A^) < ^^ {f.A^- 1 ). 

Replacing / by f p / 2 in (|A.1|) combined with (|A.2[) gives 

(A.3) T{fnogF)-\\f\\l\og\\f\\l < logS^-^ (f,A^f) 

for / > and 1 < p < oo, which is nothing but an L p -analog of the logarithmic 
Sobolev inequality. Once we have these estimates at hand, we may prove general 
hypercontractivity bounds as follows. Let us redefine q(t) to be the expected op- 
timal index q for which we have L p — > L q hypercontractivity at time t up to a 
constant log 3. In other words, set 

g(t) = l + (p-l)exp(^|). 

The goal is to show that 

(A.4) ||S,M/||g(i) < II/IIp for all t > 0. 

If we set %(t,p) = \\S^tf\\ q (t), we clearly have that *(0,g(0)) = *(0,p) = ||/|| p . In 
particular, it suffices to show that ^(t, q(t)) is a decreasing function of t. Moreover, 
since S^^ has positive maximizers, we may assume that / > 0. Differentiating at 
time t, the result follows by applying (JA.3I) for (f,p) — (5^ jt /, g(t)). 

Remark 3.4. We have adapted Gross extrapolation method to the algebras £(G) 
assuming optimal time estimates for (p, q) = (2, 4), which is the case in Theorems 
A1-A3. In particular, the logarithmic Sobolev inequalities (|A.1|) and (|A.3|) hold 
for the families of free, triangular and cyclic groups considered in this paper with 
the group length. On the other hand, if we start with a non-optimal time estimate 
for (p,q) — (2,4) — as we do in Theorem B — it is not difficult to keep tract 
of constants to show that only a log 3 is lost in the extrapolation process. Note 
that Markovianity of the semigroup is implicitly used in the argument above, so 
that Theorem B can not be sharpened beyond (p, q) = (2,4) for non conditionally 
negative lengths, at least using these ideas. 
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B. The word length in Z n . Let Z n ~ {exp(27rifc/n) | < k < n} c T denote 
the finite cyclic group with n elements. If we identify exp(27rifc/n) with k (modn) 
as usual, our goal here is to show that the word length ipn(k) = min(fc, n — k) is 
conditionally negative. We start with a trigonometric inequality. If n G 2Z + and 
j G Z, we find 

(B.l) $(n, j) := \ + 2 £ (2 - ft) C os (*=M) > 0. 

fc=i 

Indeed, let M = | - 1 and z = exp (^), so that 

M 



$(n,j) = M + l + 2Rc(^(M + l-fc 



- /. )z k 



fc=i 

r M+l M 



M + l + 2Re((M + l) — $3 fe ^ 



/ , N z - z M+1 1 - (M + l)z M + Mz M+1 
= RcM+l + 2M + l — 2z i jJ- — 2 

v l — z (l — zy 

t l + z z M+2 - z\ 
= R C ((M + 1)-— + 2- — ) = Re(A + B) = Re(B). 

v l — z (l — zy i v ' 

The last identity follows from \z\ = 1. On the other hand, it is easily checked that 
z M+2 — (— l) J z so that B = for j even. When j is odd, we get B = — 4z/(l — z) 2 
and sgn(ReB) = sgn(Rc(— z(l -z) 2 ))=sgn(l — cos(27rj/n))=+l. This proves (|B.1|) . 

Let us now prove that i/) n : Z„ — > Z + is conditionally negative. We may assume 
without loss of generality that n G 4Z, since for other values of n we can always 
embed j : k G Z„ i— > 4fc G Z4„ and use that 

Hn = ^4n|, (Zn) - 

Consider now a sequence ai, 02, . . . , a„ of complex numbers with V ■ aj = 0. In 
what follows we shall identify a,j with aj+ n z for obvious reasons. The goal is to 
show the non-positivity of the double sum J2^j a k^n(k — j). Let us begin by 
rewriting this sum in a more convenient way, which will allow us to reduce the 
problem to the case of R- valued coefficients. We have 



(B.2) 22 ajaki> n {k-j) 



0,k=l 

— "2 — 1 n 2 n 

j=l fc=l j=l j=l 

Namely, if we set A m := J2j=i UjO-j+rn, then we find 

n n—1 

} J aja k il>n(k - j) = y^ ip n (m)A m . 

j,k=l m=l 

On the other hand, ifl<fc<^- — lwe obtain the following identities 
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' H = 2 £ Rc (% a J + f) = £l a J+ a J + f| 2 -H 



a i| 2 . 



i=i 



A k + A n - k = 2 y^ Re(ojQ3 + fc) = J^ |oj- +a J+fe | 2 - 2^ |aj| 
3=1 3=1 3=1 



Combining the identities above and rearranging terms, we deduce (|B .2|) . According 
to it, we may assume in what follows that dj £ R for all 1 < j < n since otherwise 
we may split the problem into real and imaginary parts by using X) 7 R e ( a j) = 
^lm(aj) = and the identity \z\ 2 = Re(z) 2 + Im(z) 2 . Let us consider the 
function / : 1" — > R given by 

2 n 2" 2" — 1 ti 

3=1 3=1 fc=l 3=1 

where we still use the identifications Xj = Xj+nz- It suffices to show that / > when 
restricted to the hyperplane II = {J2j x j — 0}- Moreover, since /(Ax) = X 2 f(x) 
the sign of / in II is completely determined by the sign of / in the compact set 
il = § n_1 nll. Thus, our assertion will follow by showing that the absolute minimum 
of /i n (which exists since it coincides with the absolute minimum of /i n ) is not 
negative. Define g{x) = y]j Xj, according to the Lagrange multiplier method we 
have to solve the system g = and V/ = jVg. We claim that the solutions x of 
this system satisfy 

i) fix) = 0, 
ii) V[/ + § 5 2 ](x)=0, 
iii) Hess[/+f ff 2 ](a;) > 0. 

In particular, all the solutions of the system are local minimums of /| n = (/+fff 2 )| n - 
Let us prove the claim. It is clear that we have Vg = (1,1,...,1), while the partial 
derivarives of / are given by 



1 

~2 d jf( X ) = X! k ( X 3+k + x J-k) - 2 X 3 + %- 
k=l 

In particular, setting /i = —^7 our system can be written as follows 



(R) J>, = 0, 



3=1 



(j-th.) ^2 H x j-k + x j+k ) - - x j+ ~ = n for 1 < j < n. 
fe=i 

Now, operating with these equations we obtain the following identities 

n 2 ~S 2 n 

•E0- th )-T (R) ^M 2 (£ fc )-?-T)(£^ =0 - 



1 

• — 

2 



3=1 fc=i 3=1 

3+f 

(R) + ((j + f + l)-th) - ((j + f )-th)] & J2 *s = for 1 < j < n. 

8=3+1 
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The first identity gives fi = 7 = 0, while the second one is equivalent to Xj = Xj+n, 
for all 1 < j < n combined with (R) . Now we are ready to prove the first assertion i) 
of our claim. Namely, since Xj — xj + r. and Y]- Xj — 0, we only have § — 1 variables 
x\, X2, ■ • ■ , xn-i and we may evaluate / at the points satisfying these restrictions 
as follows 

2 2" ~2~ * "2" 

fix) = (y-2n)^^ 2 -2^fc^(x,+^ +fe ) 2 
j=i fc=i 3=1 

= iY- 2n - 4 J2 k )J2 x2 j-' i J2 k J2 x ^+ k 



2 



f-1 

n 



^2 x2 i~ A Yl kx i x 3+k = 0. 



This proves the first assertion, while V[/+ ^g 2 ] = {l + n^- Xj)\7g — by (R) and 
identity 7 = proved above. It remains to justify assertion iii), for which we start 
by noticing that ^djk[f + jg 2 ](x) — ^ — ip n (j — k). Using the unitary matrices 
A(s) = J2jez e j,j+s m ^(£2(^2)) and the *-homomorphism 

X(s) e C(Z n ) ^ cxp(27ri • /n) e Loo(Zn), 

we may write the Hessian matrix of / + ^g 2 as follows 

-Hess[/ + ^ 2 ](x) = £A(0) + £(£-*)(A(*)+A(n-*)) 

fe=i 

n „ v-^ ,n ,x ,2ixk ■ s 

~ 2 +2 ^ ( 2 _fc)c0s( ^T ) = $( "'' } - 
fe=i 

By the given *-homomorphism, the positivity of the Hessian matrix of / + \g 2 at 
every x reduces to the trigonometric inequality which we proved in (|B.1[) . □ 

C. Numerical analysis. In this appendix we justify all the numerical estimates 
for free groups, triangular groups and cyclic groups which we used in the proofs of 
Theorems A1-A3. As we did above, we label these estimates by a, /?, 7, S, e. Let us 
start with the free group estimates. 

CI. Estimates for free groups. We will give in this section detailed proofs of 
all the numerical estimates for free groups, which will serve us to omit some details 
in the case of triangular groups below. 

Estimates (a) for F n . Assertion ai) follows from the identity S2(r) = X)fc>i r2ka k- 
According to Proposition ^. 21 the second assertion aii) follows from the inequalities 
\M{k x + k 2 - 2m, fci,fc 2 ) < f M(k 1: k 2 ) = s ( s 3 _ 1 ) M(k 1 ,k 2 ,0). To prove aiii) and 
adv) we use Proposition 12.21 again, so that we have to estimate 



A(k,r) = J2 ±M(k,l 2 ,h) 



2+e 3 =k 
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LV2J 

2' 



E E ^(2n-2)(2n-l) m - 1 M(fc,f 2 ,4)^ 2+ ^ 3+ ' £ . 



«2>^3>l "1=1 



Let us consider the sets 

fi(fc) = |(^ 2 ,4,m) : ^ 2 +4-2m= fc, <m< — and ^ >4 > l}. 
It is easy to check that we have 

fi(l) = 0, 

0(2) = {(1,1,0),(2,2,1)}, 
0(3) = {(2, 1,0), (3,2,1)}, 
fi(4) = {(3, 1,0), (2,2,0), (4,2,1), (3,3,1), (4,4,2)}. 

By simple computations we may show that 

(A(l,r),A(2,r),A(3,r)) = (o, ^r 4 + (n - l)r 6 , 3r 6 + 3(n - l)r 8 ) , 
A(4,r) = -r 8 + 6(n - l)r w + (n - l)(2n-l)r 12 . 
When k > 58 n= 2 + 3S n >3 and (2n — \)r 2 < 1, we use M(k, £2,^3) < 6 to obtain 

v k>l 2 >l 3 >l 

k<e 2 +e 3 

t 2 +l 3 =k mod 2 



3 ,„„2fc , 6(n-l) / r 



f ) E E (v^^Tr) 



~ 2 ' 2n - 1 V x/2n^. 

t 2 =k-£ 3 mod 2 
o fiC T\ fe/2 £ 3 

< _ fc r 2fc + ____J! r 2 fe y- y- (y^TTr)' 
~ 2 2n-l ^ ^ y ' 

j even 

+ ^_il r - ^ £ ( ^n r y 

l 3 =k/2 j=2t 3 -k 
j even 



fe+^3 



fe / 2 ,-.,.. ,X_2 

In- 1 ^ 1- (2n-l)r 2 



3, 2, 6(n-l) 2fe ^ (2n-l)r 2 



, - kr ™ __ -v- ^ r 2fe y- _ 

1 -^ 1 

£ 3 =i 



6(n-l) 2fc y, (V2lT^Tr) % - fc 
2n- 1 r 2-" 1- (2n- l)r 2 

l 3 =k/2 y ' 

3 2fe , 3(n-l)fcr 2fe+2 | 6(n - 1) 



2 l-(2n-l)r 2 2n-l (1 - (2n - l)r 2 ) 2 ' 



If r = ,„ = , we obtain 

V2n — 1 

A(k,r) < -kr 2k 
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fc/2 £3 k i 3 



4=1 ■ ' ' 

1 (n-l)(2n-l)-*- 1 (Ef+ E 



< ~fc(2n-l 



,-fe 



^ fc - £3 + 2 
2 



fc/2 



< |jfc(2n - l)- fe + 6(n-l)(2 ?l -l)- fe - 1 (^ 



4 + r + l 



< -(2n - l)-' 5-1 (3(n - l)fc 2 + (30n - 24)fc + 24(n - 1)] . 

Estimates (/?) for F 2 . We claim that 

a) If k £ L m (s) and £ £ Adni2 m with £^. = kj for some (eft 

(2m)!(s — to)! 



(2toV 
m! 
b) If k £ L m (s) and £ € C^m we have 



1 fcm ) — 



M{k). 



m 

e (n^ 

feAdm 2m \-B 2m i=2 



7* **j 1 7* ^1 



QmQb&r) 



/ nm-2 



if r = - 

3' 



< ^ 



(3 r )|fc| / 4r \m 



I 3-V3 

c) We have \C 2m \ = 2 m . 



3r)!-l / 4r \m-i 1 

l-r V3r-1/ ' 3 



1 < r < 73' 



if r = -4= and s = to = 2. 



D 



A moment of thought shows that /3i) follows from Proposition 11.91 and the claim 
above. Set j(k 1 ,k 2 ,. .. ,k m ) = (ji,j 2 ,...,j m ) and j(£) = (j[,j' 2 ,...,j 2m )- To prove 
a), we observe that 53i>j Ji gi yes the number of blocks in (fei, k 2l . . . , k m ) of size 
greater than or equal to iq. Similarly, the sum X)i>i fi gi yes the number of blocks 
in (ii,£ 2 ,... ,£ 2m ) of size greater than or equal to i . Since £^. — kj we find that 
Ei> l0 Ji < J2i>i fi- This immediately gives 

m m 2m 2m 



i=l 



i=l 



i=l 



i=l 



which implies the first inequality in a). The identity is clear by the combinatorial 
interpretation of M(k). We now turn to the proof of b). If r = |, then A r J r J = 

4/ 



i(3r) J — 4/3 for all j > 1 from which we deduce 



e m (fc,£,r) < 



4\ m— 1 



E 



4\ m— 1 



»> — >V >1 



(1 - r y 



= 2 r ' 
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Indeed, by induction it is easy to see that for r < 1 



E ' 

<1> — >*m>l 



£ (E«*)-i^ S 



2>— * m >l fl>^2 



2>-£ m >l 



(1-r)' 



If | < r < -4=, we use 

^f . = kj for some £ € Cim =^ niax {fcj+i, 1) < £j* < fcj-i for 2 < j < m. 
Thus, we obtain the desired estimate as follows 

A 1 m J — 1 



J=2 £ 5 *=max{fc J + i,l} 



4y«-i i (3 r )£JLi 1 fc ; /+™-i (3r)l-l / 4r \"»-i 



, 4 ym-± 

V3/ T 



r (Sr-l)" 1 - 1 
If r = -t= and s = ni = 2, the estimate becomes 



1-r \3r- 1/ 






t l — 4 2 



4|fc| 
3-\/3' 



Since c) is clear, this completes the proof of the even case f3i). The estimates /3ii) 
and /3iii) are proved similarly, by estimating the right hand side of the inequality 
ii) of Proposition II .91 when k g L m (s) and fc € L m _i(s) respectively. The claim to 
be proved becomes in the odd case 



a') If k £ L m (s) U L m -i(s) and £ € Adm2 m with &, = kj for some £ e CW, 
M(£) < 



(2w)!(s - m) V (fc) iikeLM 



(2m)!(s- ni+ 1)! 



M(fc) i£k£L m -i(s). 



b') If fc G L rn (s) U L m _i(s) and £ G C2 m we have 

m 

E (n% r ^) /5f " & 'n^i^) 

i^Adm , 2rn \B! 2rn i= 2 






/ om-3 
om— 2 



< < 



(3 r )|fc| / 4 r yn- 



if r = | and fc <E L m (s), 
if r = 3 and fc € L m _i(s), 
1^7 (s^l)'" if i < r < ^ and fc e L m (s), 

. l _ 7(3^l) if I < r < -^ and fc e L m . t (s). 

c') We have |C 2m | = 2 m ~ 1 . 
To see a'), it suffices to note that if k € L m -i(s), then 

M(k)=( S 1 )M(ki,k 2 ,...,k m -i) = -( S 1 )M(k 1 ,k 2 ,...,k m ) 
\m — 1 / 77i \m — 1 / 



62 JUNGE, PALAZUELOS, PARCET AND PERRIN 

and argue as for a). For the assertions b') and c') we use the fact that £ m is 
completely determined for k € L m (s)UL m _i(s) and £ € Adm 2m satisfying t^. = kj 
for some £ € 6*2™ • More precisely, ii k£ L m (s) then £ m = 2m — 1, hence ££, = 2m 
and ^ =0. If k € L m _i(s), then £ m = 2m. This proves /3ii) and /3iii). D 

Estimates (7) for F„. All the assertions follow directly from Proposition [TTTD] □ 

Estimates (<5) for F n . Since £ e C2m => ATg , < Ng 2j _ 1 , Proposition 11.91 yields 

m 



E 7A^A(r) < ^[ E E "00(11 *< 

A6A 2m [fc] 5eC 2m leAdm 2m \B 2m 3=2 

^=»y 

1 771 

* ^[ e e "(^](n^->i- 

^eA 2m [fc]5ec 2m 3=2 

Then <5i) follows from the fact that 

|{| e C 2m : £ 5j = % for all j = 1,2, . . . ,m}\ = 2 P ^ 

for fc G L m (s) and £ € -42m Kj- The estimates <5ii) and <5ih) are proved similarly. 
We just need to observe that if k € L m (s) and I € Adm 2m satisfy ^ = fej for some 
£, € C2 m , then £*„ = 2m and £^ — 0. Hence i\fy t — 1 and the product in the right 
hand side of the inequality ii) of Proposition II .91 runs over 2 < j < m — 1. □ 

Estimates (e) for F 2 . To estimate the sums e4), e5), e6), e7), e8), elO) and ell) 
we can be slightly less precise than for the other terms (see below) and use a general 
formula. The estimates of the S4-sums are e4), e5), e6), el), e8) and follow from 
the formula 

Si[l}(r) < -M[Q{N t3 a tl a u + N iA a^a i3 )r W . 
To prove it, we write as in the proof of Lemma 11.41 

"Mr) < E E (]I%(V(3))' 

d~£ i 3=1 

Wd 1 (ii)—Wd 4 (J4)=e 

Now, we estimate the sum in the right hand side as follows 

4 

\ nt.fi -i , ,s] < 



En^^I 1 !;)) - 2E a ^(^ 1 (i)) 2a ^^ 1 (4)) 2 + a ^(v, 1 (2)) 2a fe(v, 1 (3)) 2 

2~E E a ^(V, 1 (i)) 2a ^(v, 1 (4)) 2 

d~f 8 -i,,,,i -i„,,i -1,., 
"d < x > "d < 3 > "d < 4 > 

9E E a ^(V-i(2)) 2a ^(V-i(3)) 2 



!,£ j=i 

< 

2 



-M(£)(A fe a £l a <?4 +iV £4 a fe a £3 
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For the ss-sums elO) and ell), we use respectively the formulas 

(Cl.l) f(e)s 5 [£](r) < ^M(£)(N e4 N e5 a a ei a e2 +N e2 a e3 a e4 a e5 ) r W, 



(C1.2) f{e)s 5 [£](r) < -M{t)(N i3 N u a Q a ll a i5 + N k a i2 a i3 a u )r w . 

The proofs are similar to our estimate for S4^](r), we omit the details. Let us 
now prove the estimates for the remaining sums. Since we want to estimate sums 
of small size, we can use computer assistance to compute exactly these sums, and 
then complete squares by hand. Namely, it is quite simple to teach a computer to 
multiply words in a free group and determine whether a product of them equals 
e. This allows us to identify the summation index of the sums s u [^](t') for small 
parameters (u, £) as it is the case for the estimates (e) we are about to prove. Once 
the summation index is given by the computer, we obtain an identity in terms of 
(Zfc(i)'s which can be estimated by o^'s completing squares. In other words, the 
first identity in our estimates below for the sums el), e2) and e9) — the ones where 
we need to be more careful, since they contribute to the most pathological term 
a 3 ~ a\ — is given by the computer. This will serve as an illustration of how to 
proceed for the other terms, for which we will omit some details 

el) * 4 [(l,l,l,l)](r) - [6( ai (l) 4 + ai (2) 4 )+16 ai (l) 2 ai (2) 5 



e2) s 4 [(3,l,l,l)](r) 



ai(l) 3 a3(ii) + ai (2) 3 a3(i 2 ) 

10 18 

ai (l) 2 ai(2)^a 3 fe)+ai(l)ai(2) 2 ^ a 3 fe) 



< 36r b 



i=3 

ai (l) 4 + ai (2) 4 



r 6 aia3 < 9r 6 a 2 + r 6 aia3. 



The estimate for e9) is a bit more involved, since the goal now is to avoid the most 



s-2 9 



pathological term a^ a 

e9) /(e)* B [(2,l,l,l,l)](r) 

6 

50(a 1 (l) 3 a 1 (2)+a 1 (l)a 1 (2) 3 )(^a 2 fe) 



= ao 



3=3 



+ 60a 1 (l) 2 a 1 (2) 2 (a 2 (z 1 ) + o 2 (t 2 )) + 40(ai(l) 4 a 2 (n) + fll (2) 4 a 2 (z 2 )) 



< 



20ai(l) 2 (ai(l) 4 + a^a 2 (ii 



20a 1 (2) 2 (a 1 (2) 4 + a 2 a 2 ( i2 ) 2 ) 



D 

25((a 1 (l) 2 +a 1 (2) 2 )[4 ai (l) 2 ai (2) 2 + a §(^a 2 ( J 



j=3 



+ 30 ai (2) 2 ( ai (l) 4 + a^nf) + 30ai(l) 2 (ai(2) 4 + a 2 a 2 (« 2 ) 2 
< — r a a a 1 a 2 + —r a 1 . 



(SI 
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For the sums e3), el2), el3), el4) we just list the computer outcome. Showing 
that these expressions are bounded above by the given terms in the corresponding 
(^-estimates follows by completing squares 

£3) s 4 [(2,2,l,l)](r) = 8L(l) 2 a 2 (ii) 2 + a 1 {2) 2 a 2 {i 2 f 



2a 1 (l)ai(2)(a 2 (i 1 )+a 2 (i 2 ))(^ a 2(* 



( ai (l) 2 + ai (2) 2 )(2 J2 a 2« 2 + J2 02(*i)02(v: 

3<j<j'<6 



3=3 

{*? + 



Ki<6 



el2) s 6 [(l,l,l,l,l,l)](r) 

= 20( ai (l) 6 + ai(2) 6 ) + 96( ai (l) 4 ai (2) 2 + ai (l) 2 ai (2) 4 ) 

el3) /(e)* 7 [(2,l,l,l,l,l,l)](r) 

= a a 2 (ii)f420a 1 (l) 2 ai(2) 4 + 728ai(l) 4 ai(2) 2 + 210ai(l) 6N 

+ ao[a 2 fe)(420ai(l) 4 ai(2) 2 + 728a 1 (l) 2 a 1 (2) 4 + 210ai(2)^ 

+ ao[( J! a2fe))(742a 1 (l) 3 a 1 (2) 3 + 308(a 1 (l) 5 a 1 (2)+a 1 (l)a 1 (2) 5 

3<?<6 

el4) * 8 [(l,l,l,l,l,l,l,l)](r) 

= 70(ai(l) 8 + ai (2) 8 ) + 512( ai (l) 6 ai (2) 2 + fll (l) 2 ai (2) 6 ) + 928ai(l) 4 ai(2) 4 

Estimates (e') for F„. For n > 3 and j,f g N™ we introduce the notation 



□ 



U n {j,j') = (CI,-" ^ljCiV" .Ci 1 ,--- ,C„,--- .Cn,^ 1 ,--- ,0,/) G F. 



lil+b'l 



We start with the proof of e'l). Let 2 < m < s. To estimate s 2m [(l, . . . , 1)](V), we 
need to look at the words gi, ■ ■ ■ ,32m of length 1 satisfying <?i • • • <? 2m = e. Since 
this clearly implies that \{j : g 3 ■, = c{\\ = \{j : g 3 ■ — c^ l }\ for all 1 < i < n, by the 
multinomial theorem we obtain 

S2m [(l,...,l)](r) - J2 A n , m (jja 1 (l) 2 ^---a 1 (n) 2 ^r 2m 

\j\=m 



< A 



n,m 



|j|=m 



jj 0l (i) 



2 J, 



2m _ i | a l\ m 2m 



where 



A n , m {j) = [(Sir" ,52m) € F 2 ™ : 31... 52m = e, (5i)l<i<2m ~ Wn(2>i)} 
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. I A nm (j) p 

A n , m = max <^ - ~ : j g N'\ |j| =m . 

We claim that 

(C1.3) A„, m < 2 m ,f TO) ' , (= if n > m). 

m\(m + lj! 

This completes the proof of e'l). For e'2), we consider 2 < m < s — 1 and words 
5i; ■ • ■ >52m+i with (|.g i |)i< l <2m+i ~ (2, 1, • • • , 1) satisfying that gig 2 ■ ■ • #2m+i = e. 
Similarly, we write 

7(e)s 2m+ i[(2,l,---,l)](r) 

n n 

= 2(2m+l)r 2m+2 []Tao/(c 2 fe ) £ B„, m (j, At, k) J[ a^a^kf 

fc=l jeN" i=l 

|j|=m-l 

n 

l<k<£<n j£N n i=l 

ei,e 2 = ±l \j\^m-l 

where 

B n ^ m (i,k,£) = j(gi,...,32m+i) e F 2m+1 : gi---g 2m +i = e, 31 = c fc Q 

(5i)2<i<2m+l ~ Wn(ii/) with $ = jj + (J i>fc + ^,£ V j j 

By completing squares as follows 

ao/(c£c? )a 1 (fc)a 1 W < ^(^/(c^cf ) 2 + ai(fc) 2 ai (^) 
for 1 < k < £ < n, £1, £2 = ±1, and rearranging we find 

/(e) S2m+1 [(2,l,--.,l)](r) 

2m + 1 „ 9ro , 9 „ , ,2m + 1 



< 



r> 2m+2 m-1 i ___„/% 1>R 2m+2 m+1 

£>n,m' CKqO^ ^2 "1 r, m+1 «H-*n — -LJ-t>n,m^ «1 , 



2„j ",'« u i ^ 2 m + 

where 

{B nm (j,k,£) ) 

B n<m = max J ' Jf; : J £ N", |j[ = m- 1, 1 < k < t < n \, 

-C>n,m(j j ft) *-) 

B-avn, = max 



,„_,_, . ier, |j| = m + l, l<fe<^<n, 



3i = ii - &,k - <*M V *) ik># > 1 if fc < £, jk > 2 if k = £ 



We claim that 

(CI. 4) B n ,m, Bn,m < 3 • 2 m " 



(m-l)!(m + 2)!' 

which ends the proof of e'2). It remains to prove the claims (|C1.3|) and (|C1.4[) . 
Observe that for j g N n with \j\ = m we have 

A n , m (j)<C(m)( . m . )2 m , 
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where C(m) — ( m ) — W denotes the Catalan number, which counts the number of 
non-crossing pair partitions of the set {1, • • • , 2m}. Indeed, to order the 2m letters 
u> n (j,j) so that the product gives e, we may choose a non-crossing partition of 
{1,2,..., 2m}, then associate to the m pairs obtained one of the ji pairs (ci, c~ ) 
for each i, and choose for each the order of the two letters. This proves the inequality 
in the claim (|C1.3|) . The equality comes from the choice j ~ (1, . . . , 1,0) € N™ if 
n > m, since in this case the process described above counts exactly once each 
possibility. We use a similar argument to show (|C1.4|) . To compute B n , m (j,k 7 l) 
for j e N" with |j| = m— 1, we need to order the 2m + 2 letters Ck,ct,cj n (j,j') with 
3i = 3i + &i,k + $i,£ f° r all 1 < « < n so that the product gives e, knowing that the 
two first positions are occupied by C& and eg. Hence, we need to fix a non-crossing 
pair partition of {1, 2, . . . , 2m + 2} such that (1, 2) is not a pair. We denote by 
C(m+ 1) the number of such partitions. Since the two pairs containing 1 and 2 are 
necessarily associated to the letters (ck,c^ ) and (q,c7 ) respectively, it remains 
to associate the other m — 1 pairs to the letters w„(j,/) \ {cr , c7 } = ui n (j,j). 
We obtain 

B n , m (j,kJ)<C(m + l)( . m ~\ )2 m ~ l . 

Since C(m) also counts the number of non-crossing pair partitions of {1, • ■ • , 2m+2} 
such that (1, 2) is a pair, we compute 

C(m + 1) =C(m + l) -C(m) - 



(m- l)!(m + 2)! : 



which yields the first part of (|C1.4|) . If n > m — 1, the choice j ~ (1, • • • , 1, 0) e N" 
gives an equality. For the second part, fixl<fc<^<n. Applying the preceding 
result to B nm (j' ', k, £) for \j\ = m + 1 and j[ = ji — Si t k — &i,i for all 1 < i < n, it 
suffices to observe that 



jfctjfc - 1) 
m - 1 \ / m + 1 \ ' \ m ( m + i) 

m(m + 1) 



if fc = £ 

if fc<^ 



< 1, 



recalling that if k = ^ then jfc > 2, and if fc < £ then jk,je > 1- Q 

C2. Estimates for triangular groups. We now turn to the triangular group 
estimates. Since the computations are similar to the ones detailed above in the free 
group case, we will only prove the (e)-estimates and one (a)-estimatc. 

Estimates (a) for A Q ^ 7 . The only (a)-estimate which differs in nature from those 
for the free group is aiv) for k > L/3 > 5. In the terminology of Proposition 12.41 
note that k = £ 2 + ^3 — 2m > L/3 iff m < K(£ 2 ,£3,L). In particular, we have to 
estimate 

^ £ 6 -2^M{kJ 2 A,)r^+ k . 

£ 2 >£i>l m=0 

~ £ 2 +e 3 -2m=k 

When k = 5, our estimate follows from 

fi(5) = {(3,2,0), (4, 1,0), (5, 2,1), (4, 3,1), (5, 4,2)}, 
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(>7 



where we recall that 

fi(jfc) = t(£ 2 ,£ 3 ,m) : t 2 +£ 3 -2m = k, < m < — and £ 2 > £3 > l}. 
For k > 6, using M(k 1 £ 2l £3) < 6, the goal is to show that 



,.2fr 



E 

l<i<j<fc 
i-\-j~k even 



„2fc 



2 fe / 2 (3-4r 2 ) 



2 y*-h?-fc < _ r ~ 

" 2 (l-r 2 )(l-2r 2 ) 



The sum in the left hand side can be written as follows 

k k 

y^ 2 i r i+j ~ k = V? ^ r' 

l<i<j<fe i=l j'=iV(fc— i) 

i+j — k even 



„i+j-k 



i-\-j — k even 
fc/2 oo oo oo 

£2 i £V'+ £ 2V 2l - fc ^r 2s 

i=l s=0 i=fe/2 s=0 



< 



1 / |+1 r _ fc (2r 2 )^ 2 
1 - r 2 V 1 - 2r 2 



2 fc / 2 (3-4r 2 ) 
(l-r 2 )(l-2r 2 )' 



D 



Estimates (e) for A Q ^ 7 . The estimate eriii) follows from (|Cl.lj) . For the sums 
ei), eii) and eiv) we need to be more careful. Observe that for £ € B u we have 
\£\ < 6. Hence if the smallest loop L is greater or equal than 7, then we are in the 
free situation and the super-pathological sums s u [£\ (r) associated to the triangular 
group A Q/ 3 7 coincide with the corresponding one for the free group Z, 2 * Z 2 * Z 2 
when £ e B u . As we did for ¥ 2 , we can easily modelize the group Z 2 *Z 2 * Z 2 with 
a computer and estimate precisely the required sums Sij^K 7 ") f° r L G ^«- We detail 
below the outcome of the computer and the way we used to complete squares. In 
the sequel we have 

33 3 

ai=^ai(i) 2 , a 2 = 2^a 2 (i) 2 and a3=2^n 3 (i J -) 2 + ^ a^hj) 2 , 

i=\ i=l j=l l<i^j<3 

where {ku ■ 1 < i < 3, i ^ £} n {% : 1 < j < 3, j ^ ^} = for 1 < I < 3 fixed. 
We get 

3 
ei) a 4 [(l,l,l,l)](r) = [^ai( J ) 4 + 4 £ a^a^r 4 < 2r 4 a 2 . 

t=l 1<J<J<3 



rii) S4 [(3,l,l,l)](r) 



< 



ti(l)oi(2)oi(3) y^ a3fe) + 4 y^ ai(i) 2 ai(j)a3(fci,i) 

i=l l<i#J<3 

3 3 



4 ^ a 1 (i) a a 1 a) 9 + !(Eai(0 a )(£°»fo) ! 

l<i<j<3 i=l J=l 

[ ^ (ai(i) 4 + ai(j) 2 a3(fc^) 2 + aiW 2 ai(j) 2 + aiW 2 a3(fc^) 2 ) 

l<i^j<3 
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< 3r 6 al + r 6 aia 3 . 



eiv) 5 6 [(1, 1,1,1, 1,1)] (r) 

3 

6 / c„6„3 



= [E ai W 6 + 9 E ai«%(j) 2 + 30a 1 (l) 2 a 1 (2) 2 a 1 (3) 



r D < 5r°aJ. 



a 



C3. Estimates for finite cyclic groups. Only (a) and (e) estimates are new. 

Estimates (a) for Z„. The coefficient in m) follows once again from the identity 
we gave for S2M m Section Q] To obtain the left-coefficients for s 3 (r) we use 
Proposition ^. 61 When k — (fci,fc 2 ,0), we have to estimate 



\{ Y. M(£,k 1 ,k 2 )r n + J2 M(£,h,k 2 )r 2 



LfJ>f>fei>fe 2 >l L? ]>£>ki>k 2 >l 

e+ki+k 2 =n l=ki+k 2 

which in turn can be written as the sum of two single terms as follows 

^(4 1 <, l -fc 1 -fc 2 <Lfj^(«-fci-fe,fci,fc 2 )r n +4 1 +fc 2 <LfjM(fci+fc2,fci,fc 2 )r 2( ' £l+ ' £2) ). 

Our estimates adi) and aiii) then follow by direct substitution and elementary 
inequalities taking into account that we are assuming q < n (<=>• r > l/\/n — 1) when 
n is odd and n > 6. For ctdv) it suffices to observe that M(-, fci, fc 2 ) < 3M(fci, fc 2 ) 
and 6k 1 <n-k 1 -k 2 r ' n + 4 1 +fc 2 <L-J r2( ' fel+fe2) _i 2r fcl+fc2+2 . It remains to prove av). 
By Proposition 12. 61 we need to estimate 

l - J2 M(kJ 2 ,e 3 )r 2k + ± J2 M(k,£ 2 ,e 3 )r n = A + B. 

Lf J>fe>^ 2 >^3>! LfJ>fe>^2>«3>l 

fc=f 2 +£ 3 fc+^2+^ 3 =n 

Using M(k, £2,(3) < 34=2 + 6<5 fc > 2 we get 
A < §r 4 4 =2 + |fcr 2fe 4> 2 , 
B < 3 



{(*,i) : 1 < * < 3 < k < Lf J, t + j + fc = n} 



Any (z, j) belonging to the set above satisfies j — n — k — i and 2i + k<n<i + 2k. 
The later condition implies n — 2k < i < |(n — k), which means that the cardinal 
of that set is bounded by |(n — k — 2n + 4k) + 1 < hk + 1 since fe < f. On the 
other hand, r n < r 2k for the same reason and B < (|fe + 3)r 2k Sk>3- □ 

Estimates (e) for Z n . If |g| = 1, we have by commutativity 
S4 [(l,l,l,l)](r) = Q)/(.9)V = ^ 2 r 4 , 

S4 [(3, 1, 1, l)](r) = Q (4= 6 7(5 3 )2/(5) 3 + 4> 6 27( 5 3 )/(.9) 3 )r 6 

< 4(a 2 a 2 +a 4 )r 6 = ((5„ =6 2aia 3 + <5„>6aia3 + a\)r 6 . D 
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D. Technical inequalities. In this appendix we list all the technical inequalities 
which appear in the proof of Theorems A1-A3. Given q G 2Z with q = 2s, we 
need to verify these inequalities for < r < l/y/2s — 1. Nevertheless, it suffices 
to assume for simplicity that r = l/\/q — 1 = exp(— ti.q) in what follows, since for 
smaller values of r = exp(— t) < exp(— t2,q) we may use the semigroup property for 
t — t-2, q + S so that 

\\%l,,r\\2^q = ||«S^,,t||2-»-g < ||<5i/>,<5 M^ — J-2 1 1 *^V> , *2 , « Ha— J-g < 1- 

DO. Positivity test for polynomials We begin describing an algorithmic way 
to find the best positive integer sq associated to a given polynomial with positive 
dominant coefficient P such that P(s) > for all integers s > Sq. This will be used 
to prove most of the technical inequalities below. We will use the two following 
well-known facts. Let P(s) — cq + cis + ■ ■ ■ + CdS d E M[X] such that Cd > 

i) Cauchy's bound. If t is a root of P then 



\t\<u= max (\^\) 

Ki<d-1 \ Crf / 



1. 

Cd\ ' 

ii) If P^(v) > for all < i < d - 2, then P(s) > for all s > v. 

In order to find the best positive integer sq such that 

(D0.1) P(s) > for all integers s > s , 

we proceed as follows. We first compute the Cauchy's bound u, which satisfies 
(|D0.1|) . By making the computations for all integers < v < u, we may find an 
integer v such that p( l >(y) > for all < i < d — 1. Let w be the smallest such v 
if it exists, otherwise we set w — u. Then w still satisfies ()D0.ip . Hence the best 
so possible is < w, and to find that integer it remains to decide whether P(s) > 
for all integers s = w — 1 • • • 0. Finally we set 



•S'O 



fin [fc : < k < w, P(s) > V k < S < w\. 



Dl. Technical inequalities for free groups. Define 

q(n) = AS n=2 + ((22n) 44n + 2)S n > 3 . 
Let n > 2, s > ^^- and r — , 1 _ , then the following inequalities hold: 

(Dl.l) ^ r 4 + ^(| r 4 + (n _ 1)r 6)< s . 

(D1.2) ( 2 2 S )r 6 +( 2 3 S )(3r 6 + 3r 8 )<s. 

(D1.3) f 2 o S V 8 + f 2 *) (|r 8 + 6r 10 + 3r 12 ) < s. 



(D1.4) We have 

7— 

V2fl 



2s\ r2k /2s\ / 3fc(l -r 2 )r 2fc 6(n - l)r 2fc 



2/ V 3 / ^2(1- (2n- l)r 2 ) (2ra - 1)(1 - (2n - l)r 2 ) 2 
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when n = 2 with k > 5 and s > 3 or when n > 3 with fc > 3 and s > S^Sl 



(D1.5) We have 

- k - / 2s\ 3 



8(8-1) 



3 J 1 - r 2 



2s\ 24nr 2 



A)l-(2n-l)r \ 5 / (1 - (2n - l)r) 



2.s 



80n 2 r 3 



< 1. 



when n = 2 with fc > 16 and s > 6 or when n > 3 with fc > 4 and s > ^§^-. 
(D1.6) If 3 < to < s, k >m + fi q (F n , | • |,m) and s > 65 rl=2 + ^§^<5n>3 



2s 

2m — 

where 



1 )^(-,r,*)+ ( 2 ^)s m ( S ,r,fc) + (J+^-.r,*) 



<1, 



(2m-l)!(s-m)! / 2nr \m-2 

A m (s,r,fc) = ; rr^ 1- — I r + 



B m (s,r,k) 



(m-l)!s! \l-(2n-l)r 
(2m)!(s — m)! / 2nr 



m\s\ \1 — (2n — l)r 

(2m + l)!(s — to)! / 2nr 



(to + l)lsl 



VI- (2n-l)r/ 



_fc+i 



„fc+i 



(D1.7) If 22 < to < s 

4 m r 2m |Y 2s \2m-l / 2s \ to / 2s \ 2to + 1 



1-r 2 



2m- 1/ 4 3 \2to/ 4 \2to + 1 



< 



(D1.8) If n > 3 and 3 < to < s 



)A m (r,s)+( S )B m (r,s)+( S )C m (r,s)<| 
2m- 1/ V 7 \2m v ' 7 \2to+1/ v ' 7 ~ Ito 



where 
Atj(?-,s) 

B m (r,s) 



3n(2n-l)(2m- l)!r 2m 



(2n 



,m-2 „2m+2 



+ (2m — 1) i . 

4(to-2)!(to+1)! v 4 l-r 2 ^ 



(2m)! 



Jlm+2 



r 2m + m(2n) r 



C m (r, *) = (2m + 1) 



to!(to + 1)! 

(2n) m r 2m + 4 



1 - r 2 / ' 



4 1-r 2 



(D1.9) If n>3 



2s\ 3 



3 2 



2s 



+ (2r 4 + 4nr 6 ) + 5n 2 r 8 < 



2s 



s(s-l) 



(D1.10) If n > 3 and 3 < m < s 



2to S - lK< r ''> + ( 2 mH (r ' s) + (J+ lH^ * (to 



where 
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(2n 



Jm+2 



A m {r, s) = ^-f (2m - l)(2m - 2)- = 

Am 1 — r z 



(2n - 1) 



(2m -3) 



B m (r,s) = (2n) m - 1 (2m-l) 



r 2rn+2 2n - 1 . . , 

^ 1 + (2m-2r 2 

1 - r 2 I 4 



m\(m + 2) 



(2n) r 



r 



2m+4 



+ ^^(2m+l) T — -^l + ^-j_(2m-l) 



2n- 1 

T 



(Dl.ll) Ifn>3 



2,s 



3r b 



2,s 



r (12n + 6n(2n- l)r 2 ) 

,.2 



+ ( 2 5 S ) r6 (y + T^ 5n2(6 " +1) )^ s(s - 1} - 



D2. Technical inequalities for triangular groups. 

Let s > 2 and r — , 1 _ , then the following inequalities hold: 



(D2.1) 
(D2.2) 
(D2.3) 



('2> 4+ ( 2 3 ")« r4 + ^> 



< s. 



2,s 



(3r° + -^) < .s. 



„6 , 3„8^ 
2' 



QM^A^'+t^) 



< S. 



(D2.4) 

(D2.5) If k > 6 



2,s 



2.s 



(27r 10 + 45r 12 + 36r 14 ) < s. 



2.s 



2fc ,2.s\ 9r 2fc 2 fc / 2 (3-4r 2 ) 
' ' 3y2(l-r 2 )(l-2r 2 ) " ' 



(D2.6) If fc > 15 and s > 3 

'2s\ 3r k /2s\ 36 



„fe+2 



3/ s(s-l)(l-r 2 ) V 4 / s(s — 1) 1 — 2r V 5 / s(s - 1) (1 - 2r) 



2s\ 180 



..fc+3 



(D2.7) If 3 < m < s and k > m + n q (/S. a p 11 | • |, m) 



3r \ m - 2 



l-2r 



_fe+i 



2.s 



2.s 



^-.y^w^^J^w+Um:,^-" 



< 1. 



<1, 



where 



(2m- l)!(s-m)! (2m)!(s-m)! 3r (2m + l)!(s - m)\ ( 3r \ 2 



(m — l)!s! 



i!s! 1 -2t 



(m + l)!s! 



l-2r 



C m (s) 
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(D2.8) If 15 < to < s 

(3r 2 ) m r/ 2s \ 2to - 1 /2s\m ( 2s \ 2m + 1 
1 -r 2 l\2m - l) 36 + \2m) "3 + \2m + l) 4 ' 

D3. Technical inequalities for finite cyclic groups. 

Let s > 2 and r — — ==, then the following inequalities hold: 



(D3.1) 

(D3.2) If k > 3 

(D3.3) If k > 5 



2.s 



2s \ 3 4 / 

3 )V<s- 



2s 



:2k 



2s 



3(fc + l)r ZK < s. 



S (s - 1) 



2s 



3r 2 



2s\ 24r 2 



4/1-r 



2s\ 80r 3 



5 y (1 - r) 2 



(D3.4) If 3 < m < s and fc > m + /J, g (Z n , \ ■ \,m) 



< 



< 1. 



2j- \ m—2 



1-r 



.fc+i 



2m 2 i>".<»)+( 2 2 ;)^w+( 2ro 2 ; 1 i''^- 



<i, 



where 



(2m-l)!(s-m)! (2m)!(s-m)! 2r (2m + l)!(s -m)! / 2r \ 2 



(m-l)!s! 



?n!s 



!.«! 



1-r' 



(to + 1)!s! 



1-r 



A ro ( s ) 



B m (s 



C m (s) 



(D3.5) If 7 < to < s 



(27 



1 -r 



2s \ 2to - 1 / 2s \ to / 2s \ 2m + 1 2 
2to - 1 ) 16 h \2toJ ~2 + l 2to + 1 / 4^ r . 



< 



m 



D4. Proofs. By clear similarities in the arguments, we shall only prove the 
technical inequalities for free groups. First note that the left hand sides of inequal- 
ities (JD1.4I) . (|D1.5|) and (|D1.6|) are decreasing in k, hence it suffices to prove them 
for the smallest value of k. Moreover, inequalities (|D1.1[) - (ID1.3[) and (|D1.4[) for 
n = 2, k — 5 can be rewritten as polynomial inequalities in the variable s, since 
r 2 = 2s 1 _ 1 and r is raised to even powers. In particular, these inequalities can be 
justified with computer assistance by means of the positivity test for polynomials 
in DO above. On the other hand, the inequality (JD1.5I) for n — 2 and k ~ 16 is 
equivalent to some polynomial inequality in the variables s and \J2s — 1. We may 
adapt the positivity test for polynomials presented in DO to decide whether such 
polynomial in those variables is positive for all integer s > sq. Thus (JD1.5I) for 
n = 2 and k — 16 can also be proved by using computer assistance. In the case 
n > 3, inequalities (|Di~Tj) . (|DT4)) . (|D1~5|) . (|DTT9|) and (TDl.llj) follow easily from 
the large order of growth of q(n) we impose. We will only detail here the proof 
of the crucial inequality (D1.6) for free groups, which yields the bounded critical 
functions /^ ? (F 2 , | • \,m) and /z g (F„, | • |,to) given in Paragraph 12.1.31 In fact the 
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argument we will use to prove (D1.6) in the F2-case can be adapted to show the 
similar technical inequalities (D2.6) and (D3.4) in the case of triangular groups and 
cyclic groups respectively. In the proof of (D1.6) for F„, it will appear that we need 
a large order of growth for q(n) ~ n n to get a critical function which is uniformly 
bounded in n. Then, the remaining inequalities (|D1.7|1 . (|D1.8[) and (ID1.10I) can be 
proved by using the same ideas. 

The key point in (D1.6) for F2, (D2.6) and (D3.4) is that these inequalities hold 
true with n q (G, ip, m) = 1 when Mq < m < s for some Mo > 3. For N fixed (N = 4 
for F2, N = 3 for triangular groups and N — 2 for cyclic groups) we set 

N _ (2m-l)!(s-m)! / Nr \ 

ml '' j " (ro-l)M \\-{N-l)r) 



m\s\ \l-(N-l)r 

_ N (O.m l-WUa — r. 



., v (2m + l)!(s-m)! / Nr 



m—2 

r k+l 


r k+ \ 


m 

r fc+i 



(m + l)!s! U-(iV-l)r 
for 3 < s < m, < r < -^J—j- and fc € N. Let us prove that 

2s W(s,r,m + l)+( & W(a,r,ro + l) + ( f* ) c£(,, r, m + 1) < 1 
2m — 1 / \ 2m / V 2m + 1 / 



for M < m < s and r = l/\/2s — 1, and we will give the numerical proof for 
N = 4 (in the F 2 -case). The (finitely many) remaining inequalities for (D1.6) in 
the F2-case, namely for 3 < m < Mo — 1, can be justified by using our adapted 
positivity test for polynomials. We write 

2s W m+ D = «w~'nr--.'B-a-'> 



2m- 1) mv ' ' ' (m-l)!(2s-l) m /2(^2i — T-(A^-l)) 

2s\ r , N . __. _ 2(2JV) m - 1 n^1 1 (2fl-2i-l) 



m-2 



B£(«,r,ro + 1) = 



2m/ mv ' ' ' m!(2s-l) m /2(^2i^l-(iV-l)) m - 1 



tTTI— 1 , 



2s \„ N , ., (2iVr(2 S -2m)n™ 1 i (2.s-2j-l) 



,2m + V mV ' ' 7 (m + l)!(2s-l) m /2(^2i _ T-(^-l))' 

Observe that for m > mo we have 

• n^Ti 2 (2s - 2j - 1) < (2s - l)(™- 2 )/ 2 (2s - mo)*™- 2 '/ 2 , 

• Ii;Ti 1 (2s - 2j - 1) < (2s - l)(™- 1 )/ 2 (2s - mo)'"" 1 '/ 2 , 



m — 1 / 
3= 

HfJl'fa - 2 J - l )( 2s - 2m ) < ( 2s - l) m/2 (2s - m ) m/2 



This implies the following estimates for m > mo 

2s \,„, N 4(2A0 m - 2 r , , m' 

2 2 ; n ) B » ( », r , m+ i, < w± [W8)1 ^, 
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G-f+iK'™-"' s iSi3? [t ~ ,s)lf ' 

where 

, , ,_ 2s - to 

molSJ _ 2s + N 2 - 2N - 2(N - l)V2s~~l' 

We may find s(mo) such that k mo (s) decreases for s > s(mo). Hence by setting 
A(mo) = 2N \J k mo (s(mo)) , for too < m < s and s > s(mo) we get 

2S W(«,r,m + l)+(f W(«,r,m + l)+( 2 * W(s,r,m + 1) 

2m — 1/ \2mJ \2m + 1/ 

4A(m ) m - 2 2A(m ) m - 1 A(m ) m 

" (m - l)!(2m - 1) m!V2m - f (m + f )! ' mo[m) ' 

Since the sequence u m — -, — —ry decreases for A < to, we deduce that H mo (m) 
decreases for to > A(too). Thus it suffices to find Mq > max{mo, s(too), A(too)} 
satisfying H mQ {Mo) < 1. This implies the desired inequality for any Mq < to < s. 
In the F2-case N = 4 and we take too = 22. Then s(mo) = 25, A(mo) = 2-\/28 ~ 
10.6 and Mq = 25 give the required inequality H mo (Mo) < I. 

We now turn to the proof of (D1.6) in the general case F„, for any n > 3. We 
need to prove 

2S )^( S ,r,TO + 2)+f 2s )^"( S ,r,m + 2)+f 2 * ) C%(a, r, m + 2) < I 
2m— II \lml \2m-\-ll 



g(") 
before and use 



for alln>3,3<m<s and s > ^P-. In that case we will be more brutal than 



• 2s — j < 2s — 1 for any j > 1, 

1 2 

• , < ■ for s > 8n 2 - 8n + §, 

V2s- 1 - 2n + 1 ~ V2s-1 2 

— ) . 

Since 8e < 22, we obtain 

4e / 22n \™- 2 



(j: ^(-,^+2) < 



/27r(m - I)3/ 2 (2s - l) 3 / 2 Vto - 1 



/2s\,„, . 2e /22n\™- 1 

We claim that each term in the right hand side above is less than or equal to ^ for 

n>3,3<m<s and s > ^5^, which will complete the proof. Let us prove it for 
the third one, the proof of the two other estimates being similar. We can show that 



<' 



2tt(to + lf/ 2 ^/2s~- 



( 22n \ m fe e 1 1 

= < max < — == , == )■ < — 

IVto + I/ I Sv^G 66 512^27? • 66 2 J ~ 3 
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for any n > 3, 3 < m < s and s > ^^-- Indeed, if 22n < m + 1 then for s > ^^- 1 
since ^/2s - 1 > (22n) 22 ™ > 66 66 we get c < 8v ^ 6666 for m > 3. If 22n > m + 1 
then we write 

e <=» 

c< -== ; < 



/2t?(to + l)3/2+m (22n) 22 "-™ ~ 512 v / 2^-66' 
This ends the proof of (D1.6) for F„, n > 3. D 
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